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Abstract. We classify all Gieseker semi-stable sheaves on the complex pro- 
jective plane that have dimension 1 and multiplicity 6. We decompose their 
moduli spaces into strata which occur naturally as quotients modulo actions of 
certain algebraic groups. In most cases we give concrete geometric descriptions 
of the strata. 
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1. Introduction and summary of results 

Let Mp2(r, x) denote the moduli space of Gieseker semi-stable sheaves on P^(C) 
with Hilbert polynomial P(to) = rm + Xj ^ ^iid x being fixed integers, r > 1. 
Le Potier [7] found that Mp2 (r, x) is an irreducible projective variety of dimension 

+ 1, smooth at points given by stable sheaves and rational if x = 1 or 2 mod r. 
In [3] and [TU] were classified all semi-stable sheaves giving points in Mp2 (4, x) and 
Mp2(5, x), for all values of x- These moduli spaces were shown to have natural 
stratifications given by cohomological conditions on the sheaves involved. In this 
paper we apply the same methods to the study of sheaves giving points in the 
moduli spaces Mp2 (6, x) and we succeed in finding a complete classification for 
such sheaves. We refer to the introductory section of [3 for a motivation of the 
problem and for a brief historical context. 

In view of the obvious isomorphism Mp2 (r, x) — Mp2 (r, x + ^) and of the duality 
isomorphism Mp2(r, x) — Mp2(r, — x) of [5], it is enough, when r = 6, to consider 
only the cases when x = 1,2,3,0. Each of these cases is dealt with in sections 
3, 4, 5, respectively 6. In section 2 we gather some general results for later use 
and, for the convenience of the reader, we review the Beilinson monad and spectral 
sequences. For a more detailed description of the techniques that we use the reader 
is referred to the preliminaries section of [3]. In the remaining part of this section 
we summarise our classification results. 
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1.1. Notations and conventions. 

Mp2 (r, x) = the moduli space of Gieseker semi-stable sheaves on 

with Hilbert polynomial P(m) = rm + x; 
N(n,p,q) — the Kronecker moduli space of semi-stable q x p-matrices with 
entries in a fixed n-dimensional vector space over C, cf. 2.4 [3]; 
Hilbp2 (n) = the Hilbert scheme of n points in P^ ; 
Hilbp2 (d, n) — the flag Hilbert scheme of curves of degree d in P^ 
containing n points; 
V = a. fixed vector space of dimension 3 over C; 
P^ = the projective plane of lines in V; 
0{d) — the structure sheaf of P^ twisted by d; 
nA — the direct sum of n copies of the sheaf A; 
{X,Y,Z} = basis of V*; 
{R,S,T} = basis of V*; 

[J'] = the stable-equivalence class of a sheaf T; 

ajp2 ) if J-" is a one-dimensional sheaf on P ; 
X° — the image in Mp2(r, — x) or in Mp2(r, r — x), as may be the case, 

of a set X C Mp2 (r, x) under the duality morphism; 
X'^ — the open subset of points given by stable sheaves inside a set X; 
Pjr — the Hilbert polynomial of a sheaf J-] 
p(J^) = x/^7 the slope of a sheaf where 'Pjr{m) — rm + x; 
= the structure sheaves of closed points a;, y, z G P ; 
Ol ^ the structure sheaf of a line i C P^. 

We say that a morphism Lp: pO{m) — > qO{n) is semi-stable as a Kronecker module 
if it is semi-stable in the sense of GIT for the canonical action by conjugation 
of (GL(p, C) X GL((7, C))/C*. We represent cp hy a q x p-matrix with entries in 
gn-m Y* ^ Semi-stability means that for every zero-submatrix of size q' x p' of any 
matrix representing ip we have the relation 

p' q' 

— + — < 1. 

p q 

We will often encounter the case when q = p + 1. In this case (p is semi-stable as a 
Kronecker module precisely if it is not in the orbit of a morphism of the form 

★ J ' 

where ip: rO{m) rO{n), 1 < r < p. A morphism ip: 20{—l) — > 30 is semi- 
stable precisely if the maximal minors of any matrix representing (p are linearly 
independent. We refer to 2.4 [3j for a more general discussion about Kronecker 
modules and their moduli spaces. 
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1.2. The moduli space Mp2(6,l). This moduli space can be decomposed into 
five strata: an open stratum Xq, two locally closed irreducible strata Xi,X2 of 
codimensions 2, respectively 4, a locally closed stratum that is the disjoint union 
of two irreducible locally closed subsets X^ and X4, each of codimension 6, and a 
closed irreducible stratum of codimension 8. The stratum Xq is an open subset 
inside a fibre bundle with fibre P^^ and base N(3, 5, 4); X2 is an open subset inside 
a fibre bundle with fibre P'^^ and base 1^ x P^, where Y is the smooth projective 
variety of dimension 10 constructed at 13.2.11 X^ is an open subset inside a fibre 
bundle with fibre P^'^ and base P^ x N(3, 2, 3). The closed stratum X^ is isomorphic 
to Hilbp2(6,2). 

Each locally closed subset Xi C Mp2(6, 1) is defined by the cohomological condi- 
tions listed in the second column of Table 1 below. We equip Xi with the canonical 
induced reduced structure. In the third column of Table 1 we describe, by means 
of locally free resolutions of length 1, all semi-stable sheaves on P'^ whose stable- 
equivalence class is in Xi. Thus, for each Xi there are sheaves Ai, Bi on P^, 
that are direct sums of line bundles, such that each sheaf J- giving a point in Xi 
is the cokernel of some morphism (p G Hom(Ai,ySi). The linear algebraic group 
Gi = (Aut(^i) X Aut(Si))/C* acts by conjugation on the finite dimensional vector 
space Wi = Hom(y^i,Si). Here C* is identified with the subgroup of homotheties 
of Aut(y^i) X Aut(Si). Let Wi C be the locally closed subset of injective mor- 
phisms ip satisfying the conditions from the third column of the table. We equip 
Wi with the canonical induced reduced structure. In each case we shall prove that 
the map Wi Xi defined by [Coker{Lp)\ is a geometric quotient map for the 
action of Gi . 

1.3. The moduH space M11.2 (6, 2). This moduli space can also be decomposed 
into five strata: an open stratum Xo; a locally closed stratum that is the disjoint 
union of two irreducible locally closed subsets Xi and X2, each of codimension 3; 
a locally closed stratum that is the disjoint union of two irreducible locally closed 
subsets X3 and X4, each of codimension 5; an irreducible locally closed stratum X5 
of codimension 7 and a closed irreducible stratum X^ of codimension 9. For some 
of these sets we have concrete geometric descriptions: Xi is a certain open subset 
inside a fibre bundle with fibre P^° and base N(3, 4, 3) x P^; X^ is an open subset of 
a fibre bundle with fibre P^^ and base IIilbp2(2) x N(3, 2,3); X5 is an open subset 
of a fibre bundle with fibre P^"* and base P^ x IIilbp2(2); the closed stratum Xq is 
isomorphic to the universal sextic in P^ x P(S® V*). The classification of sheaves in 
Mp2(6, 2) is summarised in Table 2 below, which is organised as Table 1. 

1.4. The moduli space Mp2(6,3). Here we have seven strata. The open stratum 
ATo is isomorphic to an open subset of N(6, 3, 3). The locally closed stratum Xi has 
codimension 1 and is birational to P'^^. The codimension 4 stratum is the union 
of three irreducible locally closed subsets X2, A'3, X^ . Here X2 is an open subset 
of a fibre bundle over N(3,3,2) x N(3,2,3) with fibre P^^ and X| isomorphic to 
an open subset of a fibre bundle over N(3,3,4) with fibre P^^. The open subset 
X\ of the locally closed stratum X4 of codimension 5 is isomorphic to an open 
subset of a tower of bundles with fibre P^^ and base a fibre bundle over P^ with 
fibre P^. The locally closed stratum X^ of codimension 6 is isomorphic to an open 
subset of a fibre bundle over Hilbp2(2) x Hilbp2(2) with fibre P^'^. The locally closed 
stratum Xq is an open subset of a fibre bundle over P^ x P^ with fibre P^^ and has 
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Table 1. Summary for Mp2(6, 1). 



cohomological conditions 



classification of sheaves T giving points in 



h»(^(-l)) = 

x„ hi(j-) = o 

h"(J"^? Qi(i)) =0 



— > 5C>(-2) ^ © O — > ^ 

1^11 is soiiii-stablc as a Kroiiockcr modulo 



hO(^(-l)) = 
Xi hi(7") = 1 

h°(7-®ni(i)) = 



— > ©(-3) ® 20(-2) C9(-l) © 20 — > J- — ^ 
is not equivalent to a morphism of the form 

*ooir**oir***iroo* 

•k -k -k -k -k -k ★00 



0{-3) ( 



h°(^(-l)) = 

X-i h\T) = 1 

ii"(:r»oi(i)) = 1 



■ 20{-l) (B 20 ^ T ^ 

12 







> 20(-2) © ©(-I) 
qi ill 
q2 £21 (-22 
fi qii qi2 £1 
h 921 922 £2 
£1, £2 arc linearly independent, d = £11^22 — -^12^21 =^ 0, 

are linearly independent modulo d 



qi 


^11 




qi £12 


32 


^21 




q2 £22 



hO(^(-l))=0 

h°(7-ig)ni(i)) = 2 



->• 20(-3) © 2C'(-1) ^ 0{-2) © 30 — ^ J- - 

(pii has linearly independent entries 
1^22 has linearly independent maximal minors 



X4 



Q ^ 20{-3) ® 0{-2) 



h°(^(-l)) 



0{-2) © 0{-l) © 0(1) ^- J- ^- 
■ 1 
qi q2 
.51 52 
where qi , q2 have no common factor or 
[ £1 £2 
= qi q2 £ 
_ 91 92 h 
where ^1,^2 arc linearly independent, £ 7^ 
and is not equivalent to a morphism of the form 

★ ★ 
0* 

★ ★ ★ 



h°(^(-l)) = 1 
Xr, \i^{T) = 3 

h°(7-®ni(i)) = 4 



0{-A)®0{-l) ^ C'©C»(1) 

'P12 7^ 0, ipi2 \ tp22 



7 ■ 
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Table 2. Summary for Mp2(6,2). 





cohomological conditions 


classification of sheaves giving points in 


codim. 




hO(^(-l))=0 

h°(7-ig)ni(i)) = 




— >40 
(fi is not equi^ 
" * " 

* * * * 
★ ★ ★ 

* ★ ★ * 


(-2) ^ 2C'(-1) ©20 — 
talent to a morphism of am 
[★★00] 

* * 

* ★ ★ * 


>T — >0 

I of the forms 

★ * 

★ ★ 

* ★ * 

* ★ ★ * 









h«(^(-l))=0 
hi(J-) =0 

h°(7-®ai(i)) = i 


40(-2) © 0{-l) 3C'(-1) ffi 20 ^ J- — > 
9512 = 0, (fill and V322 are semi-stable as Kronecker modules 


3 


X2 


hO(^(-l)) = 

h\:F) = 1 
h°(7-®n^(i)) = i 


0{-3) © 0{-2) © 0{-l) — ^ ^ 
ifi is not equivalent to a morphism of any of the forms 
**★ 

★ ★0, ★O*, 

★ ★0 ★oo 


3 


X3 


h°(^(-i)) = 
h\T) = 1 
h°(7-ig)ni(i)) = 2 


Oi-3) © 0{-2) © 20(-l) 4 C»(-l) © 3C» J" 
iy?i3 = 0, V5i2 ^ and does not divide (pn 
ip23 has linearly independent maximal minors 


5 


X4 


h«(^(-i)) = 1 

h'{T) = 1 

h°(7-®ai(i)) = 3 




— > C»(-3) i 
tp is not equi^ 
" * 1 
* ★ ★ , 
★ ★ 


D2C»(-2) ^ 2C»(-1) ©0 
T^alent to a morphism of am 

"★★ol Too*' 

* ★ , ★ ★ * 

■k -k -k -k -k -k 


;i) ^^^0 

I of the forms 

To**" 

, * * 
★ * * 




5 


X5 


h»(^(-l)) = 1 

hO(J-®Oi(l)) = 4 


20{-3) © 0{-l) Oi-2) © © — *■ J- — )• 
cpii has linearly independent entries 
(^22 ^ and does not divide ip32 


7 


Xe, 


h°(^(-l)) = 2 

h"{T<S)n\l)) = 6 


0(-4) © — > 20(1) -^T — ^ 
<^i2 has linearly independent entries 


9 



codimension 8. Finally, we have a closed stratum X^ consisting of all sheaves of 
the form Oc{^) for C C a sextic curve. Thus X-j ~ P^^. The map Wq Xq 
is a good quotient map. The map Wy — X\ is a categorical quotient map. The 
maps W| ^ XI, {y\l^f -)■ (Xf )^ Wi -)■ X|, Wi Xi, i = 2, 5, 6, 7, are geometric 
quotient maps. 
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Table 3. Summary for Mp2(6, 3). 





cohomological conditions 


classification of sheaves J-" giving points in 


codim. 




hO(J-(-l))=0 
= 

h°(jr® f2i(i)) =0 


— >■ 3e>(-2) ^ 30 — )■ J- ^ 





Xi 


h°(^(-l)) = 
h\T) = 
hO(J-®ni(l)) = 1 


v 30('— 2") fB Of"— 1~) 0(—l) (f> 30 >• :f >• 

</5l2 = 

(fi is not equivalent to a morphism of any of the forms 

r*oooi r**ooi r***oi 
★★oo ★★★o 

★ ★★★ 


1 


X2 


h"(J^(-l)) = 

h^{r) = 

h°(jr® fji(i)) =2 


30(-2) e 2C(-1) ^ 2C'(-1) ®30 — ^ 

9512 = 

ipii and <^22 are semi-stable as Kronecker modules 


4 


Xi 


h°(jr(-l)) = 

h\T) = 1 
b°{T<g>n\l)) =3 


— > 0{-3) e 3CI(-1) -^40 — ^ 
ipi2 is semi-stable as a Kronecker module 


4 


X? 


h°(jr(-i)) = 1 
h\T) = 

h°(j-(g)ni(i)) = 3 


AO{-2) 3e>(-l) © 0(1) — >• ^ ^ 
(^11 is semi-stable as a Kronecker module 


4 


Xi 


hO(J-(-l)) = 1 
h\T) = 1 
h°(J^(g)fii(l)) =3 


—5- 0{-2,) © 0(-2) ^ O © 0(1) — )• J" ^ 
Vi2 


5 


Xr, 


h°(jr(-l)) = 1 
hi(jr) = 1 
h°(J-(g)ni(l)) =4 


e>(-3) © (!)(-2) © 0{-l) 4 £»(-!) © (!) © 0{1) T ^ 

fl3 = 0, (pi2 # 0, 1^23 0, 1^12 t (^11, 1^23 \ fSS 


6 


X,; 


h°(J^(-l)) = 2 

h°(j-(g)ni(i)) = 6 


— >• 20(-3) © C ^ 0(-2) © 20(1) — ^ — >■ 
(^11 has linearly independent entries 
ip22 has linearly independent entries 


8 


X7 


h°(J-(-l)) = 3 

hi(J-) = 3 
h°(J^(g)ni(l)) =8 


0{-4) 0(2) ^ J- — )■ 


10 



1.5. The moduli space Mp2(6, 0). Here we have five strata: Xq, Xi, X2, X^UX^ 
and X4, of codimensions given in Table 4 below. The map Wo — )• is a good 

quotient map. The maps Wi — > Xi and W2 — > X2 arc categorical quotient maps 
away from the points of the form [Oci ® Ccs]) where Ci, C2 are cubic curves. The 
maps W3 — > X3, W3' — > X3 and W4 X4 are geometric quotient maps away from 
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properly semi-stable points, i.e. points of the form [C'l(— 1) ® ^q(1)]j where L is 
a line and Q is a quintic curve. Thus X| and (^3 are isomorphic to the open 
subset of Hilbp2(6,3) of pairs (C, Z), where C is a sextic curve, ,Z c C is a zero- 
dimensional subscheme of length 3 that is not contained in a line. Moreover, X\ 
is isomorphic to the locally closed subscheme of Hilbp2 (6, 3) given by the condition 
that Z be contained in a line L that is not a component of C. 

Table 4. Summary for Mp2(6,0). 



cohomological conditions 



classification of sheaves IF giving points in 



codii 



h"(^(-l)) = 
= 

h^(-^(l)) = 



h"(^(-l)) = 
= 1 



©(-3) © 30(-2) ^ 3C'(-1) ffi O — > T - 
ipi2 is semi-stable as a Kronecker module 



-> 20(-3) © 0{-2) ffi 0{-l) 4 ©(-2) ffi ©(-I) ® 20 ^ ^ 



h°{T{-l)) = 
hH^(l))=0 



where ip has one of the following forms: 











1 










1 


hi 


/12 







hi 


/22 













1 





91 










/ii 


/12 





£1 


hi 


.f'22 










hi 
hi 

pi 

hi 
hi 



t2 



/12 

/22 
^2 

P2 
/12 

/22 






<?1 

92 



pi 

/ 

P2 





1 









where gi, 92 are linearly independent, € 7^ 0, 
£2 are linearly independent and the same for £'1,^ 



h°(^(-l))=0 
hi(J-) =3 
hi(^(l)) = 1 



— > 0{-4) © 2C>(-1) ^ 3C> — ^ J" — ^ 
ipi2 has linearly independent maximal minors 



X? 



h°(^(-l)) = 1 

hi(jr) = 3 

h^(.F(l))=0 



30(-3) ^ 2C)(-2) ffi 0(1) — ^ ^ 
<^ii has linearly independent maximal minors 



h°(^(-l)) = 1 
hi(jr) = 3 
h\F{l)) = 1 



£'(-4) ffi 0{-2) 0{-l) ffi 0{1) 7 ■ 
1^12 ^ 



2. Preliminaries 

2.1. The Beilinson monad and spectral sequences. In this subsection T will 
be a coherent sheaf on with support of dimension 1. The E^-term of the Beilinson 
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spectral sequence I converging to T has display diagram 

(2.1.1) Hi(^(-2)) ® 0{-\) ® n^l) Hi(^) O . 

h"(j-(-2)) ® o(-i) h"(j-(-i)) n^i) h"(^) o 

The spectral sequence degenerates at E^, which shows that ip2 is surjective and 

that we have the exact sequenes 

(2.1.2) 

^ H°(^(-2)) ® 0{~1) ^ H°(^(-l)) ® r!i(l) ^ H°(^) ® O ^ Cofcer(^4) ^ 0, 

(2.1.3) — > ICer{ipi) Cokerlip^) — > T — > K-eri^p-i) jXraikpx) — > 0. 

The E^-terni of the Beilinson spectral sequence II converging to T has display 
diagram 

(2.1.4) H\J'(-1)) ® ©(-2) ^^h1(J-®1]1(1)) ® ©(-1) — ^Hi(J-) ® O . 

H°(^(-l)) ® 0(-2) H"(^ ® l]i(l)) ® 0{-\) H°(^) ® O 

As above, this spectral sequence degenerates at and yields the exact sequences 
(2.1.5) 

^ H°(J-(-l))®0(-2) H"(J-®f7i(l))®0(-l) ^ H°(J-)0C' ^ Cofcer((^4) ^ 0, 

(2.1.6) — > ]Cer{ipi) Coker{(pi) — > T — > K,er{ip-2) jXmikp]) — > 0. 
The Beilinson free monad associated to is a sequence 

(2.1.7) ^C^i — ^C" — ^ 0, 

i+j=p 

that is exact, except at C'^, where the cohomology is F. Note that = because 
J- is assumed to have dimension 1. The maps 

H°(J- ® ® 0{i) ® 0(0, 

1 = 0, —1, —2, occurring in the monad are zero, cf., for instance, [9], lemma 1. 

2.2. Cohomology bounds. 

Proposition 2.2.1. 

(i) Let J- give a point in Mp2(r, x), where < x < r. Assume that \i^{J-) > 0. 
Then h\T{l)) > 2h.\T) - h\j-(-l)). 

(ii) Let T give a point inMf,2{r,x), whereO < X ^ 1^- Assume thatii^ > 
0. Then h°(.F(-2)) > 2h"(.F(-l)) - h"{T). 
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Proof. Part (ii) is equivalent to (i) by duality, so we concentrate on (i). Write 
p = h\T), q = li°(J'(-l)), m = h°( J" (g) (1)). The Beilinson free monad (2.1.7) 
for takes the form 

qO{-2) A ((J + r - x)0{-2) ® mO(-l) 

{m + r- 2x)C'(-l) ® {p + x)0 ^ pO 

and yields a resolution 

0^{q + r- x)Oi-2) ® Coker{iP2i) lCer{r]ii) ® {p + x)0 ^ T ^ 

in which (pi2 = 0. Since J- maps surjectively to Coker{ipii) we have the inequality 

m + r — 2%— p = rank(/Cer(77ii)) < q + r — x- 

If the inequality is not strict, then Coker(ipii) has negative slope, contradicting the 
semi-stability of J^. Thus m < p + q + x- We have 

h°(^(l)) = h°((p + x)0{l)) + h°(/Cer(r;n)(l)) - h°(Cofcer(V'2i)(l)) 

> hO((p + x)0{l)) - hO(Cofcer(^2i)(l)) 
= 3p + 3x — m 
>2p + 2x-q, 

h\Til)) = h°(^(l)) -r-x>2p + x-q-r = 2h\T)- h'(J-(-l)). □ 
Corollary 2.2.2. There are no sheaves J- giving points 



(i) 


in 


Mi 


«2(6, 1) and satisfying h*'(J^(- 


-1)) < 1. h\T) >3. 
-!)) = !, h\T) = l; 


= 0; 


(ii) 


in 


Mi 


1)2(6, 1) and satisfying h*'(J^(- 




(iii) 


in 


Mi 


•2(6, 1) and satisfying h"(J^(- 


-l)) = 2, h\m) = 0; 
-!))<!, hi(^)> 3, h\T{l)) 
-1))=0, hi(^)=2, h\T{l)) 
-!))<!, lii(J-)> 2, h\T{l)) 
-1))=0, hi(^)>3, h\T{l)) 




(iv) 


in 


Mp2 (6, 2) and satisfying h 


= 0; 


(v) 


in 


Mi 


•2(6,2) and satisfying h (J^(- 


= 0; 


(vi) 


in 


Mi 


•2(6,3) and satisfying h°(J^(- 


= 0; 


(vii) 


in 


Mp2(6, 0) and satisfying h 


= 0. 



Proof Let J" give a point in Mp2(6, 1). According to 2.1.3 [3,, h°(J'(-2)) = 0. In 
view of I2.2.1f ii) we have h'^(^) > 2 h*'(J^(— 1)). This proves (ii). Assume now that 
T satisfies the cohomological conditions from (iii). Then h^(J^) = h''(J^) — 1 > 4. 
On the other hand, bv [2XlT i). we have 7 = h^{T{-l)) > 2h^(J"). This yields a 
contradiction and proves (iii). All other parts of the corollary are direct applications 
of [2XTT n. □ 

2.3. Stability criteria. 

Proposition 2.3.1. Let n be a positive integer and let di < ■ ■ ■ < dn, ei < • • • < e„ 

be integers satisfying the relations 

(i) ei - di > 62 H h e„ - (i2 dn, 

(ii) ei + di < + ■ ■ • + ^" - dl 



62 H + en - d2 - ■ ■ ■ - dn 

Let J-" be a sheaf on P'^ having resolution 

0{di) ® ■ • • ® 0{dn) Oiei) ® ■ • ■ ® 0(e„) T 
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Assume that the maximal minors of the restriction of ip to 0{d2)(S- ■ ■(SO{dn) have 
no common factor and that none of them has degree zero. Then T is stable, unless 
the ratio 

^_ el + --- + el-dl dl 

ei H h e„ - dl d„ 

is an integer and T has a subsheaf S given by a resolution 

0{di) — ^ 0{r -di)^S ^0. 

In this case p{S) = p{J-) and J- is properly semi-stable. Note that condition (ii) 
can be replaced by the requirement that > di for 2 < i < n. 

Proof. Let C C be the curve given by the equation det{(p) = 0. Its degree is 

d = eiH |-e„— dl d„. Let %p denote the restriction of (^3 to 0(^2)®- • ■(BO{dn) 

and let Ci be the maximal minor of the matrix representing ijj obtained by deleting 
the z-th row. We have an exact sequence 

0{d2) © ■ • • ® 0{dn) ^ 0(ei) ® ■ • • ® 0(e„) ^ 0{e) ^ C ^ 0, 

C= [ Ci -C2 ••• (-ir+^Cn ] , e = d + di. 

The Hilbert polynomial of C is a constant, namely — + ddi + ' ^ — showing 

that C is the structure sheaf of a zero-dimensional scheme Z C P^, that Coker{ip) ~ 
Iz(e) and ~ <Jz{e), where Jz C Oc is the ideal sheaf of Z in C. Clearly T has 
no zero-dimensional torsion. Let 5 C be a subsheaf of multiplicity at most d — 1. 
According to lemma 6.7, there is a sheaf A such that S C A C Oc{e), A/S 
is supported on finitely many points and Oc{e)/A ~ Os(e) for a curve 5* C P^ of 
degree s, l<s<d— 1. We have the relations 



Ps (to) = Poc (e) (m) - Pos (e) (™) " h" (A/S) 

d(d-3) 
+ de sm 

3 d+s h°{A/S) 



d(d- 3) .s{s - 3) ,o../cN 
dm + de sm — se H h [A/o), 



2 2 d- s 

3d " e? - d? 



Pjr(TO) = dm + + 

i=l 



P(-^) 



3 , 



2 ^ 2d 

i—l 



In order to show that is semi-stable we will prove that p{S) < p{J-). This is 
equivalent to the inequality 

i—l 



Assume that 

i—l i—l 



2 
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We have a commutative diagram 

^ A/S ^ Oc{e)/S ^ Os{e) 



A/S > Oz ^ Oy 

in which F is a subscheme of Z of length at least 
(0 - ef , , , / , d s rf? 



i=l i—1 1=1 

We claim that length(y) > sdeg(Ci) = s{d — ei + di). This follows from the 
equivalent inequalities 

d + di-^ + Y, '^d' >d-ei + di, 

i=l 
" j2 2 



^ 2d 2' 



which follow from the inequality 

^ 2d - ^ 2 ^ 2d 

1=1 1=1 

The latter is equivalent to condition (i) from the hypothesis. This proves the claim. 

Since y is a subschema of S and also of the curve given by the equation Ci = 0, we 
can apply Bezout's Theorem to deduce that S and the curve given by the equation 
Ci = have a common component. Since gcd(Ci, • • • ,Cn) = 1, we may perform 
elementary column operations on the matrix representing ip to ensure that Ci is 
irreducible. Thus (i divides the equation defining S. In particular, deg(Ci) < s. It 
follows that 



d-ei+di= deg(Ci) <2di+d + ^ 



^(e^ - d|) < d{di + ei) =el-d\ + {di + d) ^(e^ - di), 

i=l i=2 

n n 

J2{e^-d^)<{d,+e,)J2{ei-di). 



i=2 



The last inequality contradicts condition (ii) from the hypothesis. The above dis- 
cussion shows that p(>S) < p{J^) unless <S = ^ and 
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in which case p(5) — p{T) and T is semi-stable but not stable. Applying the snake 
lemma to the commutative diagram 

^ 0(e - d) ^ 0{e) ^ Oc{e) ^ 



0- 



O(e-s) 



0(e). 



Os{e) 



yields the exact sequence 

^ 0(6 - d) 
We have e — d ^ di, e — s ~ r ~ di. 



O(e-s) 



□ 



Corollary 2.3.2. Let di < d2 < ei < 62 be integers satisfying the condition 
ei — di > 62 — ^2- Let J- be a sheaf on having resolution 







0{di) © 0{d2) ^ ©(ei) ® 0(62) 



0. 



Assume that ipi2 and ip22 have no common factor. Then J- is stable, unless ei^di = 
★ " 



62 — c?2 o,nd if 



in which case J- is semi-stable but not stable. 



Proof. According to the proposition above, J- is stable unless the ratio 



dj 



4 



ei + 62 - di - c?2 

is an integer and J- has a subsheaf S given by a certain resolution. We have a 
commutative diagram 



0- 



Oir-d,) 



■S- 







0- 



■ Oidi) (S 0{d2) 



0(ei)©0(62) 







□ 



in which a and j3 are injective. Thus r — di < 62, that is 

e\ + - d\~ d\< (ei + 62 - di - d2){di + 62), 
(ei - d2)(ei + d2) < (ei - d2){di + 62), 
ei + d2 < di + 62. 

Thus ei — di = 62 — d2T r — di ^ e2 and ip has the special form given above. 

3. The moduli space Mp2(6,l) 
3.1. Classification of siieaves. 

Proposition 3.1.1. Every sheaf J- giving a point in Mp2(6, 1) and satisfying the 
condition h^(J^) = also satisfies the condition h*'(J-'(— 1)) = 0. These sheaves are 
precisely the sheaves having a resolution of the form 

50(-2) ^ 40(-l) ® O 

where ipn is semi-stable as a Kronecker module. 



0, 



Proof. The statement follows by duality from 4.2 [8]. 



□ 
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Claim 3.1.2. Consider an exact sequence of sheaves on 
0(-3) © 20{-2) ^ 20(-l) © 0(1) 



0, 



q_\ h\ ^12 

= 92 ^21 ^22 

/ 51 52 

where i\\i22 — ^12^21 7^ and the images of qii2i — 92^11 o,nd (71^^22 — 92^12 
g3 V* / {iiii22 ~ ^12^21)1^* I'^e linearly independent. Then T gives a stable point in 
Mp2(6,2). 



Proof. By hypothesis the maximal minors of the matrix 



qi 
q2 



hi 1X2 
hx h2 



cannot have a common quadratic factor. If they have no common factor, then the 
claim follows by duality from l2.3T] Assume that they have a common linear factor. 
Then /Cer(^) ~ 4) and Coker{ip) is supported on a line L. From the snake 
lemma we get an extension 







Oc{l) 



Coker{ilj) — 5- 0, 



where C is a quintic curve. Because of the conditions on ?/; it is easy to check that 
Coker{ip) has zero-dimensional torsion of length at most 1. Assume that Coker{ip) 
has no zero-dimensional torsion, i.e. Coker[rp) ~ 0^(1). Let J-"' C be a non- 
zero subsheaf of multiplicity at most 5. Denote by C its image in and put 
JC ^ T' n Oc(l)- If C = 0, then < because Oc is stable. Assume that 
C ^ 0, i.e. that C has multiplicity 1. If /C = and J^' destabilises J^, then T' Ol 
or J^' ~ Both situations can be ruled out using diagrams analogous to 
diagram (8) at l3.1.3l below. Thus we may assume that 1 < mult(/C) < 4. According 
to [5], lemma 6.7, there is a sheaf A such that K C Ac Oc{^), AjK is supported 
on finitely many points and OciX)l-^ — ^s(l) fo^' ^ curve 5 C of degree s, 
1 < s < 4. Thus 

P^.(m) =Pyc(m)+Pc(m) 

= P^(m) - h"{A/IC) + Po,(i)(m) - h°(Oi(l)/C) 

= (5 - s)m + ^ + m + 2 - h°(^//C) - h°(OL(l)/C), 



P(-^') 



6 



5s 



h"(^//C)-h°(Oi(l)/C) 



5s 



^ "2(6-s)' 4-P(-^)- 

We see that in this case T is stable. Assume next that Coker{ip) has a zero- 
dimensional subsheaf T of length 1. Let £ be the preimage of T in According 
to 3.1.5 [To], £ gives a point in Mp2(5, 1). Let J-' and C be as above. If C C T, 
then T' C hence p{J-') < p{£) < p(-^)- If C is not a subsheaf of T, then we can 
estimate p(-^') as above concluding again that it is less than the slope of J-. □ 
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Proposition 3.1.3. The sheaves J- giving points in Mp2(6, 1) and satisfying the 
conditions h°(J^(— 1)) = 0, h^(.F) = 1, h.^{J^{l)) = are precisely the sheaves 

having a resolution of the form 



(i) 



— > 0(-3) ® 20(-2) 



20 



0, 



f ■ 



q h ^2 

/i qii qi2 

/2 921 922 

where (p is not equivalent to a morphism represented by a matrix of one of the 
following four forms: 



or the sheaves having a resolution of the form 

(ii) 0-^O(-3)©2O(-2)©O(-l) ^2C'(-1) 

^12 
^22 

912 h 








" 




-k 




" 












' 















-k 









★ 






, = 




■k 


■k 










7k- 

























)20 



0, 



qi 

92 

fi 
h 



til 
hi 

911 

921 



922 



where £i , £2 are linearly independent one-forms, ^11^22— ^12^21 7^ and the images of 
91-^21—92^11 and 9i .£22— 92-^12 inS^V* /{£ii£22 — £i2£2i)V* are linearly independent. 

Proof. Let T give a point in Mp2(6, 1) and satisfy the above cohomological condi- 
tions. Display diagram (2.1.1) for the Beihnson spectral sequence I converging to 
J^(l) reads 



50(-l). 







2n\i) —^70 

Resolving fi^(l) yields the exact sequence 

— > /Cer(^i) — > 0{-2) © 50(-l) 30(-l) — > Coker{ipi) — > 0. 

Notice that J-{1) maps surjcctivcly to Coker{ipi). Thus rank((Ti2) — 3, otherwise 
Coker{(pi) would have positive rank or would be isomorphic to Ol{—^) violating 
the semi-stability of -^(1). We have shown that Coker{ipi) — and ICer{ipi) :^ 
0{—2) ©2C'(— 1). Combining the exact sequences (2.1.2) and (2.1.3) we obtain the 
resolution 

— ^ 0(-2) © 20{-l) © 20^(1) -^70^ J-(l) 0, 

hence a resolution 

0{-2) © 20(-l) © 60 70 © 20(1) — ^ 7-(l) — ^ 0. 

Notice that rank(/9i3) > 5 otherwise would map surjectively to the cokernel 

of a morphism 0(— 2) © 20(— 1) — > 30, in violation of semi- stability. Canceling 50 
and tensoring with 0(— 1) we arrive at the resolution 

0(-3) © 20(-2) © 0(-l) 20(-l) © 20 — ^ J- — ^ 0. 
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From this we get resolution (i) or (ii), depending on whether (^13 ^ or (^13 = 0. 

Conversely, we assume that T has resolution (i) and we need to show that there 
are no destabilising subsheaves E. We argue by contradiction, i.e. we assume that 
there is such a subsheaf E. We may assume that E is semi- stable. As \^{E) < 2, 
E gives a point in Mp2(r, 1) or Mp2(r, 2) for some r, 1 < r < 5. The cohomology 
groups H''(£(— 1)) and 'H'^{Ei^fl^{l)) vanish because the corresponding cohomology 
groups for T vanish. From the description of Mp2(r, 1) and Mp2(r, 2), 1 < r < 5, 
found in [3J and 10,, we see that E may have one of the following resolutions: 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 

(7) 







Oi-2) 



O 



E 



2C'(-2) 















©(-3) e ©(-2) 



20 



Resolution (1) must fit into a commutative diagram 



0, 



Oi-l)(SO ^E 



30i-2) 2C'(-1) ®0—^E 



E 



30{~2) 0{~l) ®20^E 



0, 



— > 20{-2) — >20 — >E — >0, 
— > 40(-2) — > 30{-l) (SO — >E — >0, 



0, 



(8) ^Oi-2) 



*- 0(-3) ® 2C'(-2) 



©(-1) ©20. 







in which a is injective (being injective on global sections). Thus /3 is injective, too, 
and (/3 ~ (^2, contradicting our hypothesis on ip. Similarly, every other resolution 
must fit into a commutative diagram in which a and a{l) are injective on global 
sections. This rules out resolution (7) because in that case a must be injective, 
hence /Cer(/3) = 0, which is absurd. If E has resolution (5), then a is equivalent to 
a morphism represented by a matrix having one of the following two forms: 





Ml 












Ul 















where ui,U2,U3 are linearly independent one-forms. In the first case /Cer(/3) ~ 
0{—2), in the second case ICer{l3) ~ il^. Both situations are absurd. Assume that 
E has resolution (3). Since /3 cannot be injective, we see that a is equivalent to a 
morphism represented by a matrix of the form 










U2 

1 



hence ICer{a) ~ 0{—2), hence ip ^ ipi, which is a contradiction. For resolutions 
(2), (4) and (6) a and /3 must be injective and we get the contradictory conclusions 
that ip ~ ip3, (p ifii, or If ^ (/54. 
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Assume now that T has resolution (ii). The sheaf Q — T°(X) is the cokernel of the 
transpose of From the snake lemma we have an extension 

^ ^ a ^ ^ 0, 

where Q' is the cokernel of a morphism i/": 0(- 3)© 20 (-1)^ 20 00(1), 





l22 


111 






til 


-k 


92 


qi 



From [3nr2] we know that Q' gives a stable point in Mp2(6,4). It is now straightfor- 
ward to check that any destabilising subsheaf £ Q must give a point in Mp2(l, 1) 
or Mp2 (2,2). The existence of such sheaves can be ruled out as above using diagrams 
analogous to diagram (8). □ 

Claim 3.1.4. Let J- be a sheaf having a resolution 

0(-4) © 20(-l) A 30 ^ J- ^ 

in which '!/;i2 has linearly independent maximal minors. Then T gives a point in 
Mp2(6,0). If the maximal minors of ip 12 have no common factor, then T is stable. 
If they have a common linear factor £, then Ol(— 1) <Z J- is the unique proper 
subsheaf of slope zero, where i C is the line with equation £ = 0. 

Proof. When the maximal minors of V'12 have no common factor the claim follows 
from 12. BTT] Assume that the maximal minors of 1^12 have a common linear factor i. 
We have an extension 

Ol{-1) -^T^ Oc(l) 0, 

where L is the line with equation £ — and C is a quintic curve. Thus J" is semi- 
stable and Ol(— 1), Oc(l) are its stable factors. The latter cannot be a subsheaf 
of J- because H°(J^(— 1)) vanishes. □ 

Proposition 3.1.5. The sheaves T giving points in Mp2(6,l) and satisfying the 
conditions h*'(J-'(— 1)) = 0, h^(J-') — 2, h^(7^(l)) = are precisely the sheaves 
having a resolution 

20(-3) © 20(-l) ^ 0(-2) © SO — ^ J" ^ 

in which ipn has linearly independent entries and 9322 has linearly independent 
maximal minors. 

Proof. Let T give a point in Mp2(6, 1) and satisfy the above cohomological condi- 
tions. Display diagram (2.1.1) for the Beilinson spectral sequence I converging to 
J-{1) reads 

50(-l) ^^2^1(1) . 

3f]i(i)_^7C) 
Resolving 2f2^(l) yields the exact sequence 

— > ICer{ipi) — > 20(-2) © 50(-l) ^ 60(-l) — > Coker{ipi) — > 0. 



THE CLASSIFICATION OF SEMI-STABLE PLANE SHEAVES SUPPORTED ON SEXTICS 17 



Arguing as in the proof of 13.1. 3| we see that rank(cri2) = 5, ICer{ipi) ~ 0{—3) and 
Coker{ipi) ~ C^- From (2.1.2) we get the exact sequence 

— > 0(-3) © — >70 — > Coker{ip5) — > 0, 

hence the resolution 

— > 0{-3) ©90 — >70(D 30(1) — > Coker{ip^) — > 0. 

From (2.1.3) we get the extension 

— > Coker{ip5) — > — > — > 0. 

We apply the horseshoe lemma to the above extension, to the above resolution of 
Coker{(p5) and to the standard resolution of tensored with 0( — 1). We obtain 
the exact sequence 

— >0(-3) — ^ 0(-3)©20(-2)©90 — > 0(-l) © 70 © 30(1) — > J"(l) — ^ 0. 

The map 0(-3) ^ 0(-3) is non-zero because h^(J'(l)) = 0. Canceling 0(-3) 
and tensoring with 0(— 1) yields the resolution 

— > 20(-3) © 90(-l) 0(-2) © 70(-l) © 30 — ^ J" — ^ 0. 

Notice that rank(p22) = 7, otherwise J- would map surjectively to the cokernel of 
a morphism 20(— 3) 0(— 2) © 0(— 1), in violation of semi-stability. Canceling 
70(— 1) we arrive at a resolution as in the proposition. 

Conversely, we assume that J- has a resolution as in the proposition and we need 
to show that there are no destabilising subsheaves. From the snake lemma we get 
an extension 

— >T' — >T — >C^ — >0, 

where J-' has a resolution 

0(-4) © 20(-l) ^ 30 ^ J"' ^ 

in which ipi2 — (p22- According to 13.1.41 is semi-stable and the only possible 
subsheaf of J'' of slope zero must be of the form Ol( — 1). It follows that for every 
subsheaf £ C J- we have p{£) < excepting, possibly, subsheaves that fit into an 
extension of the form 

Ol(-1) £ ^0. 

In this case f ~ Ol because £ has no zero-dimensional torsion and we have a 
diagram similar to diagram (8), leading to a contradiction. □ 

Proposition 3.1.6. The sheaves J- giving points in Mp2(6,l) and satisfying the 
conditions h''(J-'(— 1)) = 1, h"'^(J-') = 2 are precisely the sheaves having a resolution 
of the form 

(i) 0^2O(-3)^O(-l)©O(l)^ 

[ 91 92 

where qi , q2 have no common factor, or the sheaves having a resolution of the form 

(ii) ^ 20(-3) © 0(-2) ^ 0(-2) © 0(-l) © 0(1) ^ J" ^ 0, 
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^X h 

— <i\ <li t , where ip • 
91 92 h _ 

ii, £2 ore linearly independent one- forms and £ ^ 0. 







Proof. Let J- give a point in Mp2(6, 1) and satisfy the above cohomological con- 
ditions. Denote m = h'^{!F 17^(1)). The Beilinson tableau (2.1.4) for the sheaf 
g = T^'il) reads 



30(-2) 



■mC'(-l) 



O 



20{-2) (to + 4)0(-l) 60 

Since ip2 is surjective, m > 3. Since G maps surjectively to C = ICer{ip2) /Im{ipi) , 
TO < 4. If m = 4, then p(C) — —1/2, violating the semi- stability of Q. Thus to = 3. 
As at 2.2.4 llOJ, we have K.er{(p2) = Im{(pi) and /Cer((pi) ~ 0(-3). As at 3.2.5 
|10| . it can be shown that Coker{tf-i) ~ 2il^(l) ©(—I). Combining the exact 
sequences (2.1.5) and (2.1.6) we obtain the resolution 

— > o{-i) ® 217^(1) ® o{-i) — >&o — >g — >Q. 

Dualising and resolving leads to the resolution 

2C'(-3) © 6C'(-2) 60(-2) © 0{~l) © 0(1) ^ J" ^ 0. 

Note that rank(pi2) > 5, otherwise J- would map surjectively to the cokernel of a 
morphism 20(— 3) — ?• 2C'(— 2), in violation of semi-stability. When rank(p) = 5 we 
get resolution (ii). When rank(p) = 6 we get resolution (i). 

Conversely, if T has resolution (i), then, in view of 12.3. 2[ T is stable. Assume 
now that J- has resolution (ii). We examine first the case when £ does not divide 
h. From the snake lemma we have an extension 

— >T' — >T — >€.^ — > 0, 

where P is the cokernel of a morphism t/-: ©(-4) © 0{-2) 0{-l) © 0(1) for 
which 11^12 does not divide ^'22- In view of 12.3.21 F' is semi-stable and the only 
possible subsheaf of J-' of slope zero must be of the form 0(7(1), for a quintic curve 
C C P^. It follows that every proper subsheaf of F has non-positive slope except, 
possibly, extensions E of C^; by Oc{^)- According to 3.1.5 [TU], we have a resolution 

20(-3) 0{-2) © 0{l) ~^£—fQ. 

This forms part of a diagram analogous to diagram (8), leading to a contradiction. 

Assume now that £ divides h. We may assume that h ~ Q. Let L be the line 
given by the equation £ = Q. From the snake lemma we get a non-split extension 

— > Ol(-i) — — >£ — > 0, 

where £ is as above. According to loc.cit., £ is stable. It is easy to see now that F 
is stable as well □ 

Proposition 3.1.7. (i) The sheaves Q giving points in Mp2(6,4) and satisfying the 
condition h (^(—2)) > are precisely the sheaves having a resolution of the form 

20(-3) ^ 0(-2) © 0{2) -^g^Q, 
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where £i , £2 are linearly independent one-forms. 

(ii) By duality, the sheaves T giving points in Mp2(6, 2) and satisfying the condition 
h (i^(l)) > are precisely the sheaves having resolution 

— ^ 0{-4) ffi ^ 20(1) — ^ J- ^ 0. 

These are precisely the sheaves of the form J'x{2), where C Oc is the ideal sheaf 
of a closed point x inside a sextic curve C C P^. 

Proof. The argument is entirely analogous to the argument at 3.1.5 [10 . □ 

Proposition 3.1.8. The sheaves J- giving points in Mp2(6,l) and satisfying the 
condition h {J-(\)) > are precisely the sheaves having a resolution of the form 

0{~i) ® 0{-l) -^0(B 0(1) — ^ J- ^ 0, 

'hi' 
L 5 9 J 

where £ ^ and £ does not divide q. These are precisely the sheaves of the form 
J7z(2), where Jz C Oc is the ideal sheaf of a zero dimensional subscheme Z of 
length 2 inside a sextic curve C C P^. 

Proof. Let F give a point in Mp2(6, 1) and satisfy the condition h"'^(J^(l)) > 0. 
Denote G = -F°(l). According to [9], G gives a point in Mp2(6, 5) and h°(e(~2)) > 
0. As in the proof of 2.1.3 [5], there is an injective morphism Oc — > ^(—2), where 
C C P^ is a curve. Clearly C has degree 6, otherwise Oc would destabihse Q{—2). 
The quotient sheaf C = Q /Oci^,) has support of dimension zero and length 2. Write 
C as an extension of Op2 -modules of the form 

— >C.^ — >C — >C.y — > 0. 

Let Q' be the preimage of C^; yci Q. This subsheaf has no zero-dimensional torsion 
and is an extension of Ca; by Oc(2) hence, in view of 13.1. 7[ it has a resolution of 
the form 

20(-3) — ^ 0{-2) ® 0{2) — ^ ^ 0. 

We construct a resolution of Q from the above resolution of Q' and from the standard 
resolution of Cy tensored with 0{—\): 

0(-3) 20(-3) ® 2C'(-2) 0(-2) ® 0(-l) ® 0(2) — ^ 0. 

If the morphism £'(— 3) — > 20(— 3) were zero, then it could be shown, as in the 
proof of 2.3.2 [TUj, that Cj^ is a direct summand of Q. This would contradict our 
hypothesis. Thus we may cancel 0{—?>) to get the resolution 

0[-i) ® 20(-2) 0{-2) ® 0(-l) ® 0[2) -^g ^Q. 

If the morphism 20(—2) 0(—2) were zero, then Q would have a destabilising 
quotient sheaf of the form Ol{—2). Thus we may cancel 0{—2) to get a resolution 

0{-3) ® 0{-2) A 0(-l) ® 0(2) ^ ^ 0, 
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in which I ^ Q and i does not divide q. Duahsing, we get a resolution for T as in 
the proposition. The converse fohows from 12.3^ □ 

In the remaining part of this subsection we shall prove that there are no sheaves J- 
giving points in Mp2(6, 1) beside the sheaves we have discussed so far. In view of 
13.1.81 we may restrict our attention to the case when H (J^(l)) = 0. Assume that 
h°(J"{-l)) < 1. According to EX^ i). (ii), andEHIthe pair {F {-!)) {J)) 
may be one of the following: (0,0), (0,1), (0,2), (1,2). Each of these situations 
has already been examined. The following concludes the classification of sheaves in 
Mp2(6,l): 

Proposition 3.1.9. Let T be a sheaf giving a point in Mp2 {6,1). Then]i^{J^{—l)) = 
or 1. 

Proof. Assume that T gives a point in Mp2(6,l) and h"(J^(— 1)) > 0. As in the 
proof of 2.1.3 there is an injective morphism Oc ~^(— 1) for a curve C C P^. 
From the semi-stability of J- we see that C has degree 5 or 6. In the first case 
J-{—l)/Oc has Hilbert polynomial P{m) = m and has no zero-dimensional torsion. 
Indeed, the pull-back in J^(— 1) of any non-zero subsheaf of J^{—l)/Oc supported 
on finitely many points would destabilise J"(— 1). We deduce that T{—l)/Oc is 
isomorphic to (!?£(— 1), hence h°(J^(— 1)) — 1. 

Assume now that C is a sextic curve and II^(J^(1)) = 0. The quotient sheaf C = 
J-{—l)/Oc has support of dimension zero and length 4. Assume that h°(J^(— 1)) > 
1. Then, in view of I2.2.2r iii). we have h°(J^(— 1)) > 3. We claim that there is a 
global section s of 7^(— 1) such that its image in C generates a subsheaf isomorphic 
to Oz, where Z C is a zero-dimensional scheme of length 1, 2 or 3. Indeed, 
as \i^{Oc) = 1 and h*'(7^(— 1)) > 3 there are global sections si and S2 of J^(— 1) 
such that their images in C are linearly independent. Consider a subsheaf C C C of 
length 3. Choose ci, C2 G C, not both zero, such that the image of ciSi + C2S2 under 
the composite map J-'(— 1) — C — > C/C is zero. Then s — ciSi + C2S2 satisfies our 
requirements. 

Let 7^' C J^(— 1) be the preimage of Oz- Assume first that Z is not contained in 
a line, so, in particular, it has length 3. According to 1 , proposition 4.5, we have 
a resolution 

20(^3) — ^ 3C'(-2) O Oz —>0. 
Combining this with the standard resolution of Oc we obtain the exact sequence 

— > 20{-3) — > 0(-6) e 3e'(-2) — >20 — >T' — > 0. 

As the morphism 2C'(— 3) 0{—6) in the above complex is zero and as Ext^ {Oz, O) 
vanishes, we can show, as in the proof of 2.3.2 [10], that Oz is a direct summand 
of J-"'. This is absurd, by hypothesis 7^(— 1) has no zero-dimensional torsion. The 
same argument applies if Z is contained in a line and has length 3, except that this 
time we use the resolution 

— ^ 0{-4) 0(-3) © 0(-l) ^ O ^ Oz — > 0. 



The cases when length(Z) = 1 or 2 are analogous. Thus h (7^(— 1)) = 1. □ 
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3.2. The strata as quotients. In the previous subsection we classified all sheaves 
giving points in Mp2 (6, 1), namely we showed that this moduli space can be decom- 
posed into six subsets Xq, . . . 5X5, cf. Table 1. Recall the notations Wi, Wi, Gi, 
< i < 5, from subsection 1.2. The fibres of the canonical maps pi : Wt ^ Xi are 
precisely the Gi-orbits. Given [T] G Xi, we constructed ip G p'^'^[F] starting from 
the Beilinson spectral sequence I or II associated to F or some twist of this sheaf 
and performing algebraic operations. This construction is local in the sense that it 
can be done for flat families of sheaves that are in a sufficiently small neighbourhood 
of [F]. This allows us to deduce, as at 3.1.6 [5], that the maps pi are categorical 
quotient maps. Applying jlll . remark 2, page 5, it follows that Xi is normal. From 
[12j . theorem 4.2, we conclude that each pi is a geometric quotient map. 

Some of these quotients have concrete descriptions. The quotient is 
isomorphic to the flag Hilbert scheme of pairs (C, Z), where C C is a curve of 
degree 6 and Z C C is a zero-dimensional scheme of length 2. Let Wq C Wo be 
the set of morphisms for which (fn is semi-stable as a Kronecker module and 
(/?2i 7^ vLpii for any v G Hom(4C'(-l), O). Clearly Wq ^ Wq, being the subset of 
injective morphisms. According to 9.3 4 , the geometric quotient Wq/Gq exists and 
is the projectivisation of a certain vector bundle over N(3, 5, 4) of rank 18. Clearly 
Wo/Go is a proper open subset of Wq/Gq. 

The quotient VF3/G3 can be constructed as at 2.2.2 PJ]. Let W3 C W3 be the 
subset given by the following conditions: Lpi2 = 0, ipn has linearly independent 
entries, (^22 has linearly independent maximal minors, (^21 7^ V22U + vipn for any 
u G Hom(2C'(-3),20(-l)) and v G Hom(C'(-2), 30). Clearly C w!^, being 
the subset of injective morphisms. Let C/3 be the set of pairs (i^n, 1^22) satisfying 
the above properties and let Tj, be the canonical group acting on U^- Applying 
the method of loc.cit. one can show that the quotient W3/G3 exists and is the 
projectivisation of a vector bundle of rank 24 over ?73/r3 ~ x N(3, 2, 3). Thus 
W^/Gz is a proper open subset of W3/G3. Analogously one can construct the 
quotient W2/G2 except that this time one has to pay special attention to the fact 
that the canonical group acting on the space of triples (v^ii, ^12, V'23) satisfying the 
properties of I3.1.3r ii) is non-reductive. 

Claim 3.2.1. Let U = Hom(C'(-3) ® 20(-2), 20(-l)) and let U C U be the set 

of morphisms 

, ^ qi hi £12 
[ 92 ^21 ^22 

that satisfy the conditions of \3.1.3\( ii). Let G be the canonical group acting by 
conjugation on U . Then there exists a geometric quotient U /G, which is a smooth 
projective variety of dimension 10. 

Proof. It is straightforward to check that the conditions defining U are equivalent 
to saying that ?/' be not equivalent to a morphism represented by a matrix having 
one of the following forms: 



"★00" 


" 7^ ★ ■ 




■ ★ ■ 




■ ★ ★ " 


★ ★ ★ ' 


7^ ★ 


7 


Tir ★ ★ 


7 


★ * 



This allows us to interpret U as the set of semi-stable points in the sense of [4]. 
Adopting the notations of op.cit., let A — (Ai,A2,/ii) be a polarisation for the 
action of G on U satisfying the condition 1/4 < A2 < 1/2. Using King's criterion of 
semi-stability [6] and the above alternate description of U we deduce that U is the 
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set U^(A) of morphisms that are stable relative to A (cf. ^). According to op.cit., 
propositions 6.1.1, 7.2.2, 8.1.3, there exists a geometric quotient W{A)/G, which 
is a smooth quasi-projective variety, provided 3/7 < A2 < 1/2, which we assume 
to be the case. This quotient is projective because U*'(A) coincides with the set of 
semi-stable points in U relative to A. □ 

The quotient W2 / G2 is an open subset of the projectivisation of a vector bundle 
over (C//G) x of rank 22. 

3.3. Generic sheaves. Let C C denote an arbitrary smooth sextic curve and 
let Pi denote distinct points on C. According to [1^, propositions 4.5 and 4.6, the 
cokernels of morphisms AO{—5) — > 5C'(— 4) whose maximal minors have no common 
factor are precisely the ideal sheaves Iz C Op2 of zero-dimensional schemes Z C P^ 
of length 10 that are not contained in a cubic curve. It follows that the generic 

sheaves giving points in Xq are of the form Oc{Pi^ ^Pio), where -Pi, 1 < « < 10, 

are not contained in a cubic curve. 

According to loc.cit., the cokernels of morphisms 20(— 3) — ?> 3C'(— 2) whose 
maximal minors have no common factor are precisely the ideal sheaves Iz C Op2 
of zero-dimensional schemes Z C P^ of length 3 that are not contained in a line. It 
follows that the generic sheaves in have the form Oc{2){—Pi — P2 — P3 + P4), 
where Pi, P2, P3 are non-colinear. 

Obviously, the generic sheaves in X4 have the form Oc{i){Pi + P2 + P3 + P4), 
where no three points among Pi, P2, P^^ Pi are colinear. Also, the generic sheaves 
in X^ are of the form 0,7(2) (—Pi — P2). According to claim l373?T] below . the generic 
sheaves in Xi have the form Oc{3){—Pi — ■ • • — Pg), where no four points among 
Pi, . . . , Pg are colinear and no seven of them lie on a conic curve. According to claim 
13.3.21 below, the generic sheaves in X2 have the form C'c'(l)(Pi + ■ • ■ + P5 — Pe), 
where no three points among Pi, . . . , P5 are colinear. 

Claim 3.3.1. Let U C Hom(20(-2), 0(-l) © 20) be the set of morphisms repre- 
sented by matrices 

' ii (2 ' 

Qii qi2 

121 <Z22 

for which the maximal minors £iqi2 — ^2911 o-nd ^1(722 — ^2921 have no common 
factor. The cokernels of the morphisms in U are precisely the sheaves of the form 
Iz(3), where Iz C Op2 is the ideal sheaf of a zero- dimensional subscheme Z CP'^ of 
length 8, no subscheme of length 4 of which is contained in a line and no subscheme 
of length 7 of which is contained in a conic curve. 

Proof. Let i/; ^ U and let (i denote the maximal minor of ip obtained by deleting 
the i-th row. Since Cii C2: Cs have no common factor, there is an exact sequence of 
the form 

20{-2) A 0{-l) © 20 ^ 0(3) -^C^O, 

C - [ Ci -C2 C3 ] . 
The Hilbert polynomial of C is 8, hence C is the structure sheaf of a zero-dimensional 
scheme Z of length 8 and Coker{ijj) ~ Iz(3). If four of the points of Z were on 
the line with equation £ = 0, then, by Bezout's theorem, I would divide ^2 and 
Ca, contrary to our hypothesis. Similarly, if seven of the points of Z lay on the 
irreducible conic curve with equation q — Q, then q would divide ^2 and Ca- 
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For the converse we use the method of 4.5 [1 . Assume that Z C is a subscheme 
as in the proposition. The Beihnson spectral sequence I with E -term 

= ff(Zz(2) ® n-'{-i)) ^ Oil) 

converges to Izi^). By hypothesis B°{Iz{2)) = 0, hence also H°(Jz(3) (g) 17^) = 
and H"(Xz(1)) = 0. Using Serre duality we can show that H^(Jz(2)), H^(Iz(l)) 
andH2(Zz(3)(X)ri^) vanish. The middle row of the display diagram for the Beilinson 
spectral sequence yields a monad 

50{-2) 80{-l) A 20 ^ 

with middle cohomology Iz(2). Denote B = Honi{ICer{(3), 0{—l)). Applying the 
functor Homi^., C(— 1)) we get the exact sequences 

20(-l) -^SO^B^O, 

From the first exact sequence we see that h (B) = 8 and from the second exact 
sequence we see that B is torsion-free. It follows that the morphism 80 B cannot 
factor through 70 ©C^^. This allows us to deduce, as at 2.1.4 [10], that any matrix 
representing /J'^ has at least three linearly independent entries on each column, in 
other words, that /J'^ has one of the following canonical forms: 






" 







" 







" 
































































X 





















X 







Y 













X 







Y 







Z 





X 


R 




Y 


R 




Z 


R 







X 


Y 


s 




Z 


s 







s 







Y 


z 


T 







T 







T 







Z 



Moreover, the morphism 80 — >■ S cannot factor through 60 © 0^(1). This allows 
us to deduce, as at 3.1.3 [10], that the first three canonical forms are unfeasible. 
Thus /Cer(/3) ~ 2i}^ (B 20(— 1), so we have a resolution 

— > 50(-2) — > 2n^ ® 20(-l) — > Xz{2) — > 0, 

hence a resolution 

— > 20(-3) ® 50(-2) 60(-2) © 20(-l) — > Iz{2) — > 0. 

Notice that rank(pi2 ) > 3, otherwise Iz (2) would map surjectively onto the cokernel 
of a morphism 20(— 3) 40(— 2), which is impossible, because iank{Iz{2)) = 1. 
Assume that rank(pi2) = 3. We get a resolution 

— > 20(-3) © 20(-2) ^ 30(-2) © 20(-l) — > Iz{2) — > 

with rji2 — 0. Clearly r/22 is injective and Coker{r]22) maps injectively to Xz{2). 
This is absurd, Tz{2) is a torsion-free sheaf whereas Coker{rj22) is a torsion sheaf. 
Assume that rank(pi2) — 4. We have a resolution 

20(-3) © 0(-2) -A 20(-2) © 20(-l) — ^ Iz{2) — ^ 

with ?7i2 = 0. The entries of 7722 are linearly independent, otherwise Iz(2) would 
have a subsheaf of the form Ol(— 1), which is absurd. Let x be the common 
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zero of the entries of 7722- The points of Z distinct from x lie on the conic curve 
with equation det(77ii) = 0, contradicting our hypothesis on Z. We conclude that 
rank(pi2) = 5 and we arrive at the resolution 







20(-3) A 0(-2) e 20{-\) Iz[2) 



0, 



^1 ^2 

ip = qii qi2 

921 922 

We will show that -0 satisfies the conditions defining U. Assume that gcd(C2, Cs) is 
a linear form £. By hypothesis, at least five points of Z do not lie on the line given 
by the equation £ = 0. These points must be then in the common zero-set of (2/^ 
and Ca/^? which, by Bezout's theorem, is impossible. Likewise, gcd(C27C3) cannot 
be a quadratic form. If ^2 divided (^3, then, performing possibly row operations on 
■0, we may assume that Cs = 0. It would follow that 







* 

* 



In each case Xz(2) would have a torsion subsheaf, which is absurd. 



□ 



Claim 3.3.2. Let U C Hom(2C'(-l), 20 ® 0(1)) be the set of morphisms repre- 
sented by matrices 

^ in il2 
£21 £22 

qi 92 

such that C3 = £11^22 ~ ^12^21 is irreducible and does not divide any of the other 
maximal minors. The cokernels of the morphisms in U are precisely the sheaves of 
the form Xz{^), where Xz C Op2 is the ideal sheaf of a zero- dimensional subscheme 
Z C of length 5, no subscheme of length 3 of which is contained in a line. 

Proof. As in the proof of [3. 3. 11 one direction is obvious. Assume now that Z C is 
a scheme as above. By hypothesis ll'^{Xz{^)) vanishes, hence also ll'^{Xz{2) ® Q^) 
and H"(Iz) vanish. By Serre duality, ll^{Xz{l)), H^(Xz(2) ® n^) and tf(Xz) 
vanish. The middle row of the display diagram for the Beilinson spectral sequence 
I converging to Xz{l) yields a monad 



— > 40(-2) 

with middle cohomology Xz{l 
resolution 

— > AO{-2] 
leading to a resolution 



20 



As atEXH /Cer(/?) - 2n^ © so we have a 

2n^ e o{-\) Xz{i) — ^ 0, 



20(-3) ® 40(-2) &0{-2) © 0{-l) ^ Xz{l) 



0. 



Note that rank(pi2) > 3, otherwise Xz{i) would map surjectively onto the coker- 
nel of a morphism 2C'(— 3) 4C'(— 2), which is impossible, due to the fact that 
rank(l2(l)) ~ 1. Assume that rank(pi2) — 3. We obtain a resolution 







2C'(-3) © 0{-2) ^ 30(-2) © 0{-l) Xz{l) 
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with ?7i2 = 0. Clearly Coker(r]22) maps injectively to Xz{i)- This is absurd, 

is a torsion- free sheaf whereas Coker{ri22) is a torsion sheaf. We conclude that 

rank(pi2) = 4 and we arrive at the resolution 







2C>(-3) ^ 20{-2) ® 0{-l) Iz{l) 



0. 



We will show that ip satisfies the conditions defining U . Clearly, the maximal minors 
of ij) have no common factor and generate the ideal sheaf oi Z . If the conic curve 
given by the equation Ca = were reduced, then at least three points of Z would 
lie on one of its components. If (^3 divided Ci, then it would also divide ^2- D 

4. The moduli space Mp2(6, 2) 
4.1. Classification of sheaves. 

Proposition 4.1.1. Every sheaf J- giving a point in Mii)2(6,2) and satisfying the 
condition h {J-) = also satisfies the condition h 1)) = 0. For these sheaves 

h°(7^(8) =0 or 1. The sheaves from the first case are precisely the sheaves 

having a resolution of the form 



(i) 







AO{-2) ^ 20(-l) © 20 ^ J- 



0, 



where Lp is not equivalent, modulo the action of the natural group of automorphisms, 
to a morphism represented by a matrix having one of the following forms: 



★ 

★ ★ ★ ★ 

★ ★ ★ ★ 

★ ★ ★ ★ 



★ ★00 

★ ★00 

★ ★ ★ ★ 

★ ★ ★ ★ 



★ ★ ★ 

★ ★ ★ 

★ ★ ★ 

★ ★ ★ ★ 



The sheaves in the second case are precisely the sheaves with resolution of the form 

(ii) — ^ 4e'(-2) © 0{-l) ^ W{-1) © 20 ^ J- ^ 0, 

where (pi2 — 0, (fn is semi-stable as a Kronecker module and ip22 has linearly 
independent entries. 

Proof. The first statement follows from 6.4 [8l. The rest of the proposition follows 
by duality from 4.3 op.cit. □ 

Proposition 4.1.2. The sheaves J- giving points in Mp2(6,2) and satisfying the 
conditions h (J^(— 1)) = 0, h (J-") = 1, h (7^(1)) = are precisely the sheaves 
having a resolution of the form 

(i) 0^C>(-3)©O(-2)©C'(-l) ^30— ^ J-^O, 

where Lp is not equivalent to a morphism of any of the following forms 



★ ★ ★ 

★ ★ 

★ ★ 



^2 = 



★ ★ ★ 

★ ★ 

★ ★ 



or the sheaves having a resolution of the form 
(ii) ^ C'(-3) © C'(-2) © 2e»(-l) ^ £)(- 



1) 



.30 



★ ★ ★ 

★ ★ ★ 

★ 



J" 



0, 



where ipi2 ^ 0, (pi^ — 0, ipw is not divisible by ipyi ond 9523 has linearly independent 
maximal minors. 
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Proof. Let T give a point in Mp2(6,2) and satisfy the above cohomological condi- 
tions. Display diagram (2.1.1) for the Beihnson spectral sequence I converging to 
J-{1) reads 

W{-l)—^n\l) . 



3n^{l)-^80 

As in the proof of [SHI we have Coker{ipi) = 0, /Cer((^i) ~ 0{-2) ® 0{-l). 
Performing the same steps as at loc.cit. we arrive at the resolution 

0{-2) ® 0{-l) e 90 ^ 80 © 30(1) — ^ J'(l) — ^ 0. 

Notice that rank(/9i3) > 7, otherwise J-{1) would map surjectively to the cokernel 
of a morphism 0(— 2) ©0(— 1) — s- 20, in violation of semi-stability. From here on 
we get resolution (i) or (ii), depending on whether rank(pi3) = 8 or 7. 

Conversely, we assume that has resolution (i) and we need to show that there 
are no destabilising subsheaves. Assume that f C is a destabilising subsheaf. 
We may take S to be semi-stable. As J" is generated by global sections, we have 
h°{£) < h°{T). Thus £ gives a point in Mp2 (r, 1) or Mp2 (r, 2) for some r, 1 < r < 5. 
The case when P£{m) = 3m -|- 1 can be easily ruled out. Moreover, we have 
b°{£{-l)) 0, h°(£: < 1. From the results in [3] and [10] we see that £ 

may have one of the following resolutions: 



(1) 0^O(-l)^O^5^0, 

(2) 0^O(-2)^O^i:^0, 

(3) 0^O(-2)©O(-l) ^20— ^f^O, 

(4) — >20(-2) — >20 — >£ — >0, 

(5) 0^2O(-2)©O(-l) ^0(-l)©20^£ ^0, 

(6) 0— >3O(-2)^O(-l)©2O^i:^0, 

(7) — > 30(-2) © 0(-l) — > 20(-l) © 20 — >£ — ^ 0. 



Each of these resolutions must fit into a commutative diagram like diagram (8) 
at 13.1.31 in which a is injective on global sections. For the first four resolutions a 
must be injective and we get the contradictory conclusions that ip ^ ipi, ip ^ ip2 ot 
ip if^. li £ has resolution (5), then /3 cannot be injective, hence a is not injective, 
hence ICer{a) ~ ICer{f3) ~ 0(— 1) and we conclude, as in the case of resolution 
(4), that (f ^ (f^. If £ has resolution (6), then, again, K.er{a) ~ 0(— 1) ~ ICer{(3), 
which is absurd, because 0(— 1) cannot be isomorphic to a subsheaf of 30(— 2). 
For resolution (7) we arrive at a contradiction in a similar manner. 

Assume now that J- has resolution (ii). Assume that there is a destabilising subsheaf 
£ G J-. We may assume that £ is semi-stable. From the snake lemma we obtain 
an extension 

— >T' — > J" — >Oz — >0, 
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where Z is the zero-dimensional scheme of length 2 given by the ideal ((ySn, 9312) 
and T' has a resolution 







©(-4) ® 2C'(-1) 



30 







in which -^12 — •-piz- According to 13.1.41 T' gives a point in Mp2(6,0) and the 
only subsheaf of T' of slope zero, if there is one, must be of the form 0l(— !)• It 
follows that E must have Hilbert polynomial Vsim) = 2m -I- 1, m -I- 2 or m + 1. If 
Vsijn) = 2m + 1, then £ is the structure sheaf of some conic curve C C P^. We 
obtain a commutative diagram with exact rows and injective vertical maps 



^^(-2) 



Oc 



■0 . 



Oi-i) 0(-2) ® 2C'(-1) 



©(-I) ©30- 







Taking into account the possible canonical forms for /?, we see that is represented 
by a matrix having one of the following forms: 



* 

* Tir ★ 

★ ★ ★ 

★ * * ★ 



* * 

* ★ ★ 

* ★ ★ 

-k -k -k -k 






-k ★ 



In each of these situations the hypothesis on gets contradicted. If Vgim) = m + 1, 
then £ is the structure sheaf of some line L C and we obtain a contradiction 
as above. The case in which P£(m) = m -I- 2 is not feasible because in this case 
£ ~ Cl(1), yet H°(f (— 1)) must vanish because the corresponding group for F 
vanishes. □ 



Proposition 4.1.3. The sheaves J- giving points in Mp2(6,2) and satisfying the 
conditions h 1)) = 1 and h {J-) = 1 are precisely the sheaves having a resolu- 

tion of the form 

0{-i) ® 20{-2) 20{-l) ® 0(1) ^ J- ^ 0, 

where ip satisfies the conditions of claim \3.1.2\ 

Proof. Let F give a point in Mp2 (6, 2) and satisfy the above cohomological condi- 
tions. Denote m = h°(J^ (8)0^(1)). The Beilinson diagram (2.1.4) for the dual sheaf 
Q ~ -^"(1) giving a point in Mp2(6, 4) reads 

30(-2) ^^mO(-l) . 



0(-2) (m + 2)0(-l) 50 

Arguing as in the proof of 13.1. 6[ we can show that m = 3, that lCer{ip2) = Tm{ipi) 
and ICer{ipi) ~ 0(— 3). Combining the exact sequences (2.1.5) and (2.1.6) we get 
the resolution 

o{-2) A ©(-3) ® 50(-i) 50 ^ g ^ 0. 
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As in the proof of 2.1.4 HQj, we have Coker{Tp) ~ 0(-3) © 20(-l) © 17^(1) and the 
cokernel of the induced morphism ^2^(1) — > 50 is isomorphic to 20 © 0(1). We 
finally arrive at the resolution dual to the resolution in the proposition: 

— > o(-3) © 20(-i) — >20(s o(i) — >g — >0. 

The converse is the object of claim [3T!2l □ 

Proposition 4.1.4. The sheaves T giving points in Mp2(6,2) and satisfying the 
conditions h"(J"(-l)) 1, h^(J") = 2, h\j'(l)) are precisely the sheaves 
having a resolution of the form 

20(-3) © 0(-l) ^ 0(-2) © O © 0(1) ^ J- ^ 0, 

where ipn has linearly independent entries, 9322 7^ and does not divide ip32- 

Proof. Let T give a point in Mp2(6,2) and satisfy the above cohomological condi- 
tions. Display diagram (2.1.1) for the Beilinson spectral sequence I converging to 
J-{1) reads 

50{-l)-^2n\l) . 



Arguing as in the proof of l3.1.5l we see that /Cer((^i) ~ 0(— 3) and Coker{ipi) ~ C^;. 
From (2.1.3) we have an extension 

— >T' — >T — >C^ — >0, 

where = Coker{(pr-,)[~l). From (2.1.2) we get the exact sequence 

0(-2) — ^ 0(-4) © 40^ 80(-l) -^T' —>0, 

hence the resolution 

0(-2) 0(-4) © 120(-1) 80(-l) © 40 — ^ J" ^ 0. 

If rank(/9i2) < 7, then J^' would have a subsheaf of slope 4/3 that would destabilise 
J-. Thus rank(/9i2) — 8 and we have the resolution 

0(-2) A 0(-4) © 40(-l) ^ 40 ^ J"' 0. 

Arguing as at 2.1.4 ^0^, we can show that Coker{ip2i) — 0(— 1) © i^^(l) and that 
the cokernel of the induced morphism ^2^(1) — >■ 40 is isomorphic to O © 0(1). We 
obtain the resolution 

0(-4) © 0(-l) ^ O © 0(1) ^ J^' ^ 0. 

Combining this with the standard resolution of C^: tensored with 0(— 2) we obtain 
the exact sequence 

0(-4) 0(-4) © 20(-3) © 0(-l) 0(-2) © O © 0(1) — ^ J" ^ 0. 

The morphism 0(— 4) 0{—4:) is non-zero because h^(J^(l)) — 0. Canceling 
0(— 4) we obtain a resolution as in the proposition. 

Conversely, assume that J- has a resolution as in the proposition. Then J- is an 
extension of C^; by J-"', where, in view of 13.1.81 J-' gives a point in Mp2(6, 1). It 
follows that any possibly destabilising subsheaf of must be the structure sheaf 
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of a line or of a conic curve. Each of these situations can be easily ruled out using 
diagrams similar to diagram (8) in subsection 3.1. □ 

In the remaining part of this subsection we shall prove that there are no sheaves T 
giving points in Mp2(6,2) beside the sheaves we have discussed in this subsection 
and the sheaves at l3.1.7f iiV In view of loc.cit., we may restrict our attention to the 
case when H^(J'(1)) = 0. Assume that h°(J'(-l)) < 1. According to[2X2];iv), (v), 
andgXUthe pair (h°( J"(-l)), h^J")) may be one of the following: (0,0), (0,1), 
(1,1), (1,2). Each of these situations has already been examined. The following 
concludes the classification of sheaves in Mp2(6, 2): 

Proposition 4.1.5. Let T he a sheaf giving a point in Mp2(6, 2) and satisfying the 
condition h\F{l)) = 0. Then h"(J"(-l)) = or 1. 

Proof. Let give a point in Mp2(6, 2) and satisfy the condition h''(J^(— 1)) > 2. 
As at 2.1.3 [3], there is an injective morphism Oc J-'{—l) for a curve C C P^. 
This curve has degree 5 or 6, otherwise Oc would destabilise J"(— 1). Assume that 
deg(C) — 5. The quotient sheaf C = T/Oc{i) has Hilbert polynomial P(to) = m+2 
and zero-dimensional torsion 7" of length at most 1. Indeed, the pull-back in J- of 
T would be a destabihsing subsheaf if length(T) > 2. If T = 0, then C ~ Ol(1), 
forcing h°(J'(-l)) = 2. The morphism 0(1) ^ 0^(1) lifts to a morphism 0(1) ^ 
which leads us to the resolution 

— > 0(-4) © O — > 20(1) — >T — >0. 

Thus h^(7^(l)) = 1. Assume now that length(T) = 1. Let J^' C J- he the pull-back 
of r. According to 3.1.5 ^Q\, we have h°(^'(-l)) = 1. Since J"/ J"' ~ Ol, we get 
h°(J^(— 1)) — 1, contradicting our choice of T. 

Assume now that C is a sextic curve. The quotient sheaf C — J-/Oc{i) is zero- 
dimensional of length 5. Let C C C be a subsheaf of length 4 and let J^' be its 
preimage in J^. We claim that J^' gives a point in Mp2(6, 1). If this were not the 
case, then J^' would have a destabilising subsheaf J-" , which may be assumed to be 
semi-stable. We may assume, without loss of generality, that is stable. Thus we 
have the inequalities 1/6 < p(.F") < 1/3. This leaves only two possibilities: that 
J-"" give a point in Mp2(5, 1) or in Mp2(4, 1). In the first case T jT" is isomorphic 
to the structure sheaf of a line, hence h°(J'(-l)) = h"(J'"(-l)) = or 1, cf. [lO]. 
This contradicts our choice of T. In the second case T jT" is easily seen to be 
semi-stable, hence it is isomorphic to the structure sheaf of a conic curve. We get 
h°(J'(-l)) = h°(J""(-l)) = 0, cf. [3], contradicting our choice of T . This proves 
the claim, i.e. that T' is semi- stable. We have h°(J^'(-l)) > 1 so, according to the 
results in subsection 3.1, there are two possible resolutions for T': 

20(-3) ® 0(-2) 0{-2) ® 0{-\) ® 0(1) ^ J"' — ^ 

or 

0(-4) ® 0(-l) — ^ O ® 0(1) ^ J" ^ 0. 

Combining the first resolution with the standard resolution of C^r = C jC tensored 
with 0(1) we obtain the exact sequence 

— > 0(-l) — > 20(-3)®0(-2)®20 — > 0(-2)®0(-l)®20(l) — >T — ^ 0. 

From this it easily follows that is a direct summand of J^, which violates semi- 
stability. Assume, finally, that T' has the second resolution. We can apply the 
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horseshoe lemma as above, leadmg to the resolution 

0(-l) 0(-4) e © 2C ^ O © 20(1) ^ J- ^ 0. 

We see from this that h^(J"(l)) = 1. □ 

4.2. The strata as quotients. In the previous subsection we classified all sheaves 
giving points in Mp2(6, 2), namely we showed that this moduli space can be decom- 
posed into seven subsets Xq, . . . , Xg, cf. Table 2. For 1 < i < 6, the sheaves giving 
points in Xi are stable. We will employ the notations Wi, Wi, Gi, < i < 6, analo- 
gous to the notations from subsection 3.2. For 1 < i < 6, the fibres of the canonical 
maps Pi: Wi ^ Xi are precisely the G^-orbits. It follows, as at 3.2, that these are 
geometric quotient maps. The semi-stable but not stable points of Mij2(6, 2) are of 
the form [J^i©J^2], where J^i, 7^2 give points in Mp2(3, 1), and they are all contained 
in Xq. Thus Xq cannot be a geometric quotient. Instead, it is a good quotient: 

Proposition 4.2.1. There is a good quotient Wq//Go, which is isomorphic to Xq. 

Proof. Let Wq''(A) C Wq denote the set of morphisms that are semi-stable with 
respect to a polarisation A = (Ai, /zi, /Lt2) satisfying the relation 1/8 < fJ.2 < 3/16 
(notations as at ^i ). According to [2], theorem 6.4, Wo*'(A)//Go exists and is a 
projective variety. According to 4.3, Wq is the subset of injective morphisms 
inside Wf{A). Thus Wo/fGo exists and is a proper open subset of W5*'(A)//Go. 

Arguing as at 4.2.1 [5], we can easily see that two points of Wq are in the same 
fibre of po if and only if the relative closures in Wq of their Go-orbits intersect 
non-trivially. This allows us to apply the method of 4.2.2 op.cit. in order to show 
that Po is a categorical quotient map. We need to recover resolution I4.1.ir i) from 
the Beilinson spectral sequence. Fix in Xq. Tableau (2.1.4) for the dual sheaf 
^■"(l) reads 

20(-2) . 



2C'(-1)— ^40 

Combining the exact sequences (2.1.5) and (2.1.6) yields the dual to resolution 
I4.1.1f i'). Thus Wq Xq is a categorical quotient map and the isomorphism 
Wo //Go — Xci follows from the uniqueness of the categorical quotient. □ 

By analogy with 2.2.2 , the quotient Wi /Gi is isomorphic to an open subset of 
the projectivisation of a vector bundle over N(3, 4, 3) x of rank 21. By analogy 
with 3.2.3 op.cit., the quotient W3/G3 is isomorphic to an open subset of the 
projectivisation of a vector bundle over Hilbii>2 (2) x N(3, 2. 3) of rank 23, and W5/G5 
is isomorphic to an open subset of the projectivisation of a vector bundle over 

X Hilbp2(2) of rank 25. Recall the smooth projective variety U/G constructed 
at 13.2.11 By analogy with 9.3 [4j, W4/G4 is isomorphic to an open subset of the 
projectivisation of a vector bundle over U/G of rank 23. The smallest stratum Xq 
is isomorphic to Hilbp2(6, 1), i.e. to the universal sextic curve in P'^ x P(S^ V*). 

4.3. Generic sheaves. Let G C P'^ denote an arbitrary smooth sextic curve and 
let Pi denote distinct points on C. According to [1], propositions 4.5 and 4.6, the 
cokernels of morphisms 3C'(— 4) — 4C'(— 3) whose maximal minors have no common 
factor are precisely the ideal sheaves Iz C Op2 of zero-dimensional schemes Z of 
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length 6 that are not contained in a conic curve. It follows that the generic sheaves 
in Xi have the form Oc{^){Pi + ■ ■ ■ + Pq — Pj), where Pi, . . . , Pg are not contained 
in a conic curve. Also from loc.cit. we deduce that the generic sheaves in X3 
have the form Oc{2){—Pi — P2 — P3 + P4 + P5), where Pi, P2, P3 are non-cohnear. 
From [373?2l we deduce, by duality, that the generic sheaves in X4 are of the form 
C'c'(l)(Pi-|-- • --l-Ps), where no three points among Pi, . . . , P5 are colinear. It is easy 
to see that the generic sheaves in X^ are of the form Oc'(2)(Pi— P2 — Ps)- According 
to claim [13TT] below. the generic sheaves in X2 have the form C'c'(3)(— Pi — • • - — Pr), 
where Pi , . . . , P7 do not lie on a conic curve and no four points among them are 
colinear. 

Claim 4.3.1. Let U C Hom(C'(-2) 0{-l),30) be the set of morphisms whose 
maximal minors have no common factor. The cokernels of the morphisms in U 
are precisely the sheaves of the form Iz(S), where Tz C Op2 is the ideal sheaf of 
a zero- dimensional suhscheme Z C of length 7 that is not contained in a conic 
curve and no suhscheme of length 4 of which is contained in a line. 

Proof. Consider ^ £ U. As the maximal minors of i/>, denoted Ci, C2, Csi have no 
common factor, there is an exact sequence of the form 

— ^ o{~2) ® o(-i) A 30 ^ 0(3) -^C —^0, 

C = [ Ci -C2 Ca ] . 
The Hilbert polynomial of C is 7, hence C is the structure sheaf of a zero-dimensional 
scheme Z of length 7 and Coker{tp) ~ X^(3). If Z were contained in an irreducible 
conic curve C with equation g = 0, then C would meet each of the cubic curves 
with equation = in at least seven points, hence, by Bezout's theorem, q would 
divide Ci, C2, Csj contradicting our hypothesis. Similarly, if four points of Z lay on 
the line with equation £ = 0, then £ would divide the maximal minors of if). 

For the converse we use the method of 4.5 [1]. Let Z C be a suhscheme as in 
the proposition. The Beilinson spectral sequence with E -term 

E,J^. = ff (Xz(2) ® ® 0{i) 

converges to 1^(2). The bottom and the top row of the display diagram for E^ 
vanish, cf. the arguments at 13.3.11 The middle row yields a monad 

— ^► 40(-2) QO{-l) ^ O ^ 

with cohomology 1^(2). From this we get the resolution 

— > W{-2) — >VL^® 30(-l) — > Iz(2) — > 0. 

Resolving il^ we obtain the exact sequence 

— ^ ©(-3) ® 4C'(-2) ^ 3C'(-2) e 30(-l) Iz{2) — ^ 0. 

If P12 = 0, then Iz(2) maps surjectively onto Coker{pii), which is absurd because 
rank(Cofcer(pii)) = 2 whereas rank(l2(2)) = 1. Assume that rank(pi2) — 1. We 
get a resolution 

0{-3) © 3C'(-2) 20{-2) ® 3C'(-1) — ^ Iz{2) 

with 7712 = 0. Clearly 7722 is injective and Coker{ri22) maps injectively to Xz{2.). 
This is absurd because Coker{ri22) is a torsion sheaf whereas Iz{2) is torsion- free. 
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Assume that rank(pi2) = 2. We arrive at a resolution 

— ^ 0{-3) © 20{-2) 0{-2) ® 3e>(-l) Iz{2) 

with 7712 = 0. From the exactness of the above sequence we see that the maximal 
minors of ry have no common factor. It follows that the maximal minors of 7/22, 
denoted ^1, ^2: have no common factor, too. Thus ^1, ^2. ^3 generate the ideal 
sheaf of a zero-dimensional scheme of length 3. At least four points of Z arc not in 
the support of this scheme, hence they lie on the line with equation 7711 = 0. This 
contradicts our hypothesis. We conclude that rank(/9i2) = 3. Canceling 30(— 2) 
we obtain the resolution 

0(-3) © 0(-2) A 30(-l) Iz{2) 0. 

Clearly tp satisfies the requirements of the proposition. □ 

5. The moduli space Mp2(6,3) 
5.1. Classification of sheaves. 

Proposition 5.1.1. The sheaves T (jiving points in Mp2(6,3) and satisfying the 
conditions h 1)) = 0, h (J^) = 0, h (•F(l)) = are precisely the sheaves 

having one of the following resolutions: 

(i) — > 30{-2) — >30 — yj" — yO; 

(ii) 3C(-2) © 0{-l) ^ Oi^l) © 30 ^ J- ^ 0, 

where ip\2 = 0, the entries of cpn span a subspace of V* of dimension at least 2, 
the same for the entries of (P22 and, moreover, is not equivalent to a morphism 
represented by a matrix of the form 

"★★00" 

★ ★00 

★ ★ ★ ★ ' 

★ ★ ★ ★ 

(iii) — ^ 30{-2) © 20{-l) 20{-l) © 30 ^ — ^ 0, 

where <^i2 =0, ipu has linearly independent maximal minors and the same for 1^22 • 

Proof. Let give a point in Mp2 (6, 3) and satisfy the above cohomological con- 
ditions. Diagram (2.1.1) for the Beilinson spectral sequence I converging to J-"(l) 
reads 

3e'(-l) . 

31^1(1)^1^90 
Combining the exact sequences (2.1.2) and (2.1.3) yields the resolution 

— ^ 3C>(-1) © 3Q^(1) -^90^ J^{1) 0, 
hence the resolution 

30{-l) © 90 90 © 30(1) — ^ 7'(1) — ^ 0. 
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Note that rank(/9i2) > 7, otherwise would map surjectively onto the cokernel 
of a morphism 30(— 1) — > 30, m violation of semi-stability. We now get resolutions 

(i) , (ii), (iii), depending on whether rank(pi2) = 9, 8, 7. □ 

Proposition 5.1.2. (i) The sheaves T giving points in Mp2(6, 3) and satisfying the 
conditions h*'(J-'(— 1)) = 0, h^(J-") = 1 are precisely the sheaves having a resolution 
of the form 

0{-3) © 30(-l) ^ 40 ^ J- ^ 0, 
where Lpi2 is semi-stable as a Kronecker module. 

(ii) The sheaves J- giving points in Mp2(6,3) and satisfying the dual conditions 
h°(J^(— 1)) = 1, h^(J^) — are precisely the sheaves having a resolution of the form 

4e)(-2) 30(-l) © 0(1) 
where (pn is semi-stable as a Kronecker module. 

Proof. Part (i) is a particular case of 5.3 [8]. Part (ii) is equivalent to (i) by 
duality. □ 

Proposition 5.1.3. The sheaves J- giving points in Mp2(6,3) and satisfying the 
conditions h"(7"(-l)) = 1, h^(J") = 1, h^(J'(l)) = are precisely the sheaves 
having a resolution of the form 

(i) 0^O(-3)©O(-2) ^0®0(1) ^ 
where Lpi2 ^ 0, or the sheaves having a resolution of the form 

(ii) 0(-3) © 0(-2) © 0(-l) ^ 0(-l) © O © 0(1) ^ J- ^ 0, 

where ipi2,y^23 ^ 0, (^12 does not divide ipn, ip23 does not divide (^333. 

Proof. Let J-" be a sheaf giving a point in Mp2 (6, 3) and satisfying the above cohomo- 
logical conditions. Diagram (2.1.1) for the Beilinson spectral sequence I converging 
to takes the form 

40i-l)—^fl\l) . 



0(_l)^i^4r!i(l)^1^90 

Arguing as at 13.1.31 we see that Coker{ipi) = and lCer{ipi) ~ 0(-2) © 0(-l). 
Performing the same steps as at loc.cit. we arrive at the resolution 

0(-l) 0(-2) © 0(-l) © 120 -A 90 © 40(1) 0. 

Notice that rank(pi3) > 8, otherwise J-'{1) would map surjectively to the cokernel 
of a morphism 0(— 2)©0(— 1) — ?> 20, in violation of semi-stability. We arrive at a 
resolution 

0(-2) A 0(-3) © 0(-2) © 40(-l) 0(-l) © 40 ^ ^ 

in which ipu — 0, V'21 = 0. Arguing as in the proof of 2.1.4 [TO], we can show that 
Coker^ipsi) ~ 0(-l) ©17^(1) and that the cokernel of the induced map f^^(l) -> 40 
is isomorphic to O © 0(1). We get the resolution 

0(-3) © 0(-2) © 0(-l) ^ 0(-l) © O © 0(1) ^ J- ^ 0. 
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Finally, we obtain resolutions (i) or (ii) depending on whether tpis 7^ or (^13 0. 

Conversely, assume that T has resolution (i). According to 12.3.21 if (pi2 and 
ip22 have no common factor, then J- is semi-stable. If (pi2 divides (p22, then J- is 
stable-equivalent to Oc ® C>q{1), for a quartic curve Q and a conic curve C in P^. 
It remains to examine the case when gcd((/3i2, (^22) is a linear form £. In this case 
we have a non-split extension 

— > C'l(-I) — >J' — — ^ 0, 

where £ has a resolution as at 2.1.4 [lOj, so it gives a point in Mp2(5,3). It is easy 
to estimate the slope of any subsheaf of T, showing that this sheaf is semi-stable. 

Assume now that T has resolution (ii). From the snake lemma we get an exten- 
sion 

— >£ — ^J" — >Oz — ^0, 

where Z is the common zero-set of ipn and ipi2, and £ has a resolution as at l3.1.81 
so it gives a point in Mp2(6, 1). Assume that J-"' C is a destabilising subsheaf. 
Since p{J^' r\ £) < 0, we see that J^' has multiplicity at most 3. By duality, any 
destabilising subsheaf of has multiplicity at most 3, hence J-' has multiplicity 

3. Without loss of generality we may assume that J^' gives a point in Mp2(3,2). 
We have a diagram 

^ 0(-2) ® 0{-l) ^ 20 ^ J-' ^ 

fj a 

^ 0{-3) © 0(-2) © 0{-l) ^ 0{-l) © O © 0(1) ^ J- ^ 

in which either a and /3 are both injective or 
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Thus ipi2 = or ip23 = 0, which yields a contradiction. □ 

Proposition 5.1.4. The sheaves T giving points in Mp2(6, 3) and satisfying the 
conditions h°(J"(-l)) = 2, = 2, h\j'(l)) = are precisely the sheaves 

having a resolution of the form 

2C'(-3) © O ^ 0{-2) © 20(1) ^ J- ^ 0, 

where ipn has linearly independent entries and the same for (^22- 

Proof. Let T give a point in Mp2(6,3) and satisfy the above cohomological condi- 
tions. Display diagram (2.1.1) for the Beilinson spectral sequence I converging to 
J"(l) reads 

50{-l)-^2n\l) . 



Arguing as in the proof of l3.1.51 we see that JCer{(pi) ~ 0{~3) and Coker(ipi) ~ C; 
From (2.1.3) we have an extension 
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where T' — Cofcer((^5)(— 1). From (2.1.2) we get the exact sequence 

— ^ 2C'(-2) 0(-4) ® 517^ 90(-l) J" ^ 0, 

hence the resohition 

— ^ 2C'(-2) 0(-4) ® 150(-1) ^ 90(-l) ® 50 ^ J"' — ^ 0. 

If rank(/9i2) < 8, then J^' would have a subsheaf of slope 5/3 that would destabilise 
T . Thus rank(/9i2) = 9 and we have the resolution 

2C'(-2) ^ 0(-4) ® 60(-l) ^ 50 ^ J"' — ^ 0. 

Arguing as at 3.2.5 [III], we can show that Coker{ip2i) — 217^(1). The exact sequence 

— > C'(-4) © 2n^{l) — >50 — ^ J"' — >0 

yields the resolution 

0(-4) © 60 ^ 50 © 20(1) ^ J"' ^ 0. 

If rank((Ti2) < 4, then 7^' would have a subsheaf of slope 2 that would destabilise 
T. Thus rank(CTi2) = 5 and we have a resolution 

0(-4) © O — ^ 20(1) —>I-'^0. 

Combining this with the standard resolution of Cx tensored with 0(— 2) we obtain 
the exact sequence 

— > 0(-4) — > 0(-4) © 20(~3) © O — > 0(-2) © 20(1) — ^ J" — > 0. 

The morphism 0(— 4) — > 0(— 4) is non-zero because h^(J^(l)) ~ 0. Canceling 
0(— 4) we obtain a resolution as in the proposition. 

Conversely, assume that J- has a resolution as in the proposition. Then J- is 
an extension of C^; by J-', where, in view of I3.1.7f ii). J-' gives a stable point in 
Mp2(6, 2). It follows that any possibly destabilising subsheaf of J- must be the 
structure sheaf of a line. This situation, however, can be easily ruled out using a 
diagram analogous to diagram (8) in subsection 3.1. □ 

Proposition 5.1.5. The sheaves J- giving points in Mp2(6,3) and satisfying the 
condition h^(J^(l)) > are precisely the sheaves of the form Oc(2); where C C 
is a sextic curve. 

Proof. The argument is entirely analogous to the argument at 4.1.1 [TOl. □ 

Proposition 5.1.6. Let J- give a point in Mp2(6,3) and satisfy the condition 
h"(J'(-l)) > 3 or the condition h^{T) > 3. Then T ~ Oc(2) for some sextic 
curve C C . 

Proof. By Serre duality h^(J^) = h"(J^°), so it is enough to examine only the case 
when h"(J^(— 1)) > 3. It is easy to see that J" is stable (cf. the description in 
subsection 5.2 of properly semi-stable sheaves). Arguing as at 2.1.3 [5], we see that 
there is an injective morphism Oc — >■ .^(^1) for some curve C C P^ of degree at 
most 6. Since p(Oc) < —1/2, C has degree 5 or 6. Assume first that deg(C) = 6. 
The quotient sheaf C — T jOciX) has length 6 and dimension zero. Let C C C be 
a subsheaf of length 5 and let T' be its preimage in C. We have an exact sequence 
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We claim that T' is semi-stable. If this were not the case, then T' would have a 
destabilising subsheaf T" ^ which may be assumed to be stable. In fact, T" must 
give a point in Mp2(5,2) because 1/3 < p(^") < 1/2. According to [T^, section 
2, we have the inequality h°(7^"(— 1)) < 1. The quotient sheaf T jT" has Hilbert 
polynomial P(m) = m + 1 and no zero-dimensional torsion, so T jT" ~ Ol. Thus 

hO(^(-l)) < h"(^"(-l)) + h"(Oi(-l)) < 1, 

contradicting our hypothesis. This proves that T' gives a point in Mp2(6,2). We 
have the relation h''(J^'(— 1)) > 2 hence, according to the results in subsection 4.1, 
there is a resolution 

C'(-4) ffi — ^ 20(1) ^ J" ^ 0. 

Combining this with the standard resolution of Cx tcnsored with 0(1) we get the 
exact sequence 

(*) O^O(-l) -^0(-4)©30— >30(1) — > J-^O. 

From this we obtain the relation h\j'(l)) = 1, hence, by [5X51 T ~ Oc(2). 

Assume now that C has degree 5. The quotient sheaf J^/Oc(l) has Hilbert 
polynomial P(m) = m-\-2>. Let T denote its zero-dimensional torsion and let T' be 
the preimage of T in T . We have length(7') < 2, otherwise T' would destabilise T. 
If T = 0, then J^/Oc(l) — Ol(2). We apply the horseshoe lemma to the extension 

— > Oc(l) -^T^ Ol(2) 0, 

to the standard resolution of Oc(X) and to the resolution 

^ 0(-l) ^ 30 ^ 20(1) Ol{2) 0. 

We obtain again resolution (*), hence, as we saw above, ~ Oc{'2). Assume 
that length(r) = 1. According to 3.1.5 [lU], we have h°(J"'(-l)) = 1. Since 
T/T' ~ Ol(1), we see that h°(7^(— 1)) < 2, contrary to our hypothesis. Assume 
that length(7") = 2. Since is stable, it is easy to see that J-"' gives a point 
in Mp2(5,2), so h°(J^'(-l)) < 1, forcing h°(J'(-l)) < 1, which contradicts our 
hypothesis. □ 

There are no other sheaves giving points in Mp2 (6, 3) beside the sheaves we have 
discussed in this subsection. To see this we may, by virtue of 15.1. 5[ restrict our 
attention to the case when H^(J^(1)) = 0. According to 15. 1.61 and 12. 2. 2T vi). the pair 
(h°(J"(-l)),h^(J")) may be one of the following: (0,0), (0,1), (1,0), (1,1), (2,2). 
Each of these situations has been examined. 

5.2. The strata as quotients. In the previous subsection we classified all sheaves 
giving points in Mp2(6,3), namely we showed that this moduli space is the union 
of nine locally closed subsets, as in Table 3, which we will call, by an abuse of 
terminology, strata. As the notation suggests, the stratum is the image of 
X3 under the duality automorphism [J^] — > [J"°(l)]. The strata X^, < i < 7, 
i ^ 3, are invariant under this automorphism. We employ the notations Wi, Wi, 
Gi, Pi, < i < 7, analogous to the notations from subsection 3.2. We denote 
Wf = p~^(X|). Adopting the notations of let £i denote an arbitrary sheaf 
giving a point in the codimension i stratum of Mp2(4, 2), i = 0,1. Let C C P'^ 
denote an arbitrary conic curve; let Q C denote an arbitrary quartic curve. 
It is easy to see that all points of the form [Oc ® £i] belong to Xi and to no 
other stratum. According to I2.3.2[ the set W4 \ W| consists of those morphisms 
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(p such that ipi2 divides ipn or (^22- The sheaves T = Coker{ip), ip G Wi \ 
are precisely the extensions of Oc by Oq{1) or of Oq{1) by Oc satisfying the 
conditions h"(J^(— 1)) = 1, h"'^(J^) = 1. Using the argument found at 3.3.2 [10], we 
can show that the extension sheaves 

Oq{1) -^T^Oc^O 

satisfying the condition h^{J-) — are precisely the sheaves of the form Coker{ip), 
(p G such that the maximal minors of 1^9 n have a common quadratic factor. By 
duality, it follows that the extension sheaves 

satisfying the condition h"(7^(— 1)) ~ are precisely the sheaves of the form 
Coker{ip), ip g such that the maximal minors of pi2 have a common qua- 
dratic factor. This shows that the strata X2, X^, Xq, Xj have only stable points 
and that the sets X3 \ X^, X^ \ {X!^Y, X4 \ XI coincide and consist of all points 
of the form [Oc®Oq{1)]. 

The fibres of the canonical maps pi : Wf X^, < i < 7, are precisely the d- 
orbits, hence, by the argument found in subsection 3.2, these are geometric quotient 
maps. Thus X, ~ Wi/G, for i e {2, 5, 6, 7}. 

Assume that i € {0, 1}. Arguing as at 4.2.1 |3], we can easily see that two points 
of Wi are in the same fibre of pi if and only if the relative closures in Wi of their 
Gj-orbits intersect non-trivially. This allows us to apply the method of 4.2.2 op.cit. 
in order to show that pi is a categorical quotient map. Note that Wq is a proper 
invariant open subset of the set of semi-stable Kronecker modules 3C'(— 2) -> 30, 
so there exists a good quotient W0//G0 as an open subset of N(6,3, 3). By the 
uniqueness of the categorical quotient we have an isomorphism Xq ~ Wo//Go- 
This shows that Mp2(6, 3) and N(6, 3, 3) are birational. Let Wio C Wi be the open 
invariant subset given by the condition that the entries of pn span V* and the 
same for the entries of p22- Its image Xio is open in Xi. Since Wio C W^, the map 
Wio Xio is a geometric quotient map. By analogy with 2.2.2 [TU], the quotient 
Wio I G\ is isomorphic to an open subset of the projectivisation of a vector bundle 
of rank 37 over N(3, 3, 1) x N(3, 1, 3). The base is isomorphic to a point, so X\q is 
an open subset of P"^^ . 

By analogy with loc.cit., the quotient W2IG2 is isomorphic to an open subset 
of the projectivisation of a vector bundle of rank 22 over N(3, 3,2) x N(3, 2,3). 
Likewise, We/Ge is isomorphic to an open subset of the projectivisation of a vector 
bundle of rank 26 over x P^. By analogy with 3.2.3 op.cit., VF5/G5 is isomor- 
phic to an open subset of the projectivisation of a vector bundle of rank 24 over 
Hilbp2(2) X Hilbp2(2). The stratum X7 is isomorphic to P(S^y*). 

By analogy with 9.3 |3], there exists a geometric quotient W3/G3, which is an 
open subset of the projectivisation of a vector bundle of rank 22 over N(3, 3, 4). The 
induced map W3/G3 — J> X-^ is an isomorphism over the set of stable points in X3, as 
we saw above. We will show that the fibre of this map over any properly semi-stable 
point \Pc ® 0(3(1)] is isomorphic to V* . Choose an equation for G of the form 
Xl^ + Yi2 + Ze3 = and an equation for Q of the form X/3 - r/2 + Zfi = 0. For 
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any / S V* consider the morphisni 



fl 


-Y 


X 





h 


-Z 





X 


h 





-z 


Y 


f 


ii 


l2 





Any Lp e W-i such that pz{>^^ — \Oc®Oq(\)\ is in the orbit of some and (p/ ~ 
if and only if f = g. 

The hnear algebraic group G = Aut(0 © 0{1)) acts on the vector space U = 
Hom(0(— 2), 0(B0{1)) by left-multiplication. Consider the open G-invariant subset 
[/ C U of morphisms "0 for which ■011 is non-zero and does not divide 02i- Consider 
the fibre bundle with base P(S^F*) and fibre V{S^V*/V*q) at any point of the 
base represented hy q £ V* . Clearly this fibre bundle is the geometric quotient 
of U modulo G. Consider the open G4-invariant subset C W4 of morphisms ip 
whose restriction to 0{~2) lies in U. Clearly is the trivial vector bundle over 
U with fibre Hom(0(-3), O © Consider the sub-bundle E C given by 

the condition (1^911,1^21) = {'fi2U,(p22u), for some u e Hom(0(— 3), 0(— 2)). As at 
2.2.5 [To], the quotient bundle W^/T, is G-linearised, hence it descends to a vector 
bundle E over U/G of rank 22. Its projectivisation P{E) is the geometric quotient 
of Wl \ E modulo G4. Notice that Wl is a proper open G4-invariant subset of 
\ E. Thus XI ~ WI/G4 is isomorphic to a proper open subset of P{E). 

5.3. Generic sheaves. Let C denote an arbitrary smooth sextic curve in and 
let Pi denote distinct points on C. By analogy with the case of the stratum X3 C 
Mp2(6, 1), we see that the generic sheaves in X2 have the form Op (2) (—Pi — P2 — 
+ P4 + + Pq), where Pi, P2, -P3 are non-colinear and the same for P4, P5, Pg- 
By analogy with the stratum Xi C Mp2(6,2), we see that the generic sheaves in 
X3 have the form C'c'(3)(— Pi — • • • — Pg), where Pi, . . . , Pg are not contained in 
a conic curve. The generic sheaves in X4 have the form C'(7(3)(— Pi — • • • — Pg), 
where Pi, . . . , Pg lie on a conic curve and no four points among them are colinear. 
The generic sheaves in X5 have the form Oc{2){Pi + P2 — P3 — Pi)- The generic 
sheaves in Xg have the form 0(^(2) (Pi — P2). 



6. The moduli space Mp2(6,0) 
6.1. Classification of sheaves. 

Proposition 6.1.1. Let r be a positive integer. The sheaves T giving points in 
Mp2 (r, 0) and satisfying the condition h^ ( J^) — are precisely the sheaves having a 
resolution of the form 

— > rC(-2) ^ rO{-l) T 0. 

Moreover, J- is properly semi-stable if and only if ip is properly semi-stable, viewed 
as a Kronecker module. 

Proof. This is a generalisation of 4.1.2 10,. Assume that J-" gives a point in Mp2 (r, 0) 
and h^{T) = 0. Dia gram (2.1.4) for the Beilinson spectral sequence II converging 
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to T reads 

rO{-2) rO{-\) 0. 





The exact sequences (2.1.5) and (2.1.6) show that T ~ Coker{(pi). The rest of the 
proof is exactly as at 4.1.2 [10]. □ 

Proposition 6.1.2. Consider an integer r > 3. The sheaves T giving points in 
Mp2(r, 0) and satisfying the conditions h''(7^(— 1)) = 0, h"'^(J^) — 1, h^(7^(l)) = 
are precisely the sheaves having a resolution of the form 

0{-3) (B{r- 3)0{-2) ^ (r - 3)C'(-1) © O ^ J" ^ 0, 

where fi2 is semi-stable as a Kronecker module. 

Proof. This is a generahsation of 4.1.3 \Wl. Assume that T gives a point in Mp2 (r, 0) 
and satisfies the above cohomological conditions. Diagram (2.1.1) for the Beihnson 
spectral sequence I converging to J-{1) reads 

rO{-l)-^n\l) . 







f]l(l). 



IP4 



rO 



Arguing as at 13.1.31 we can show that ICer{(pi) ~ 0{—2) © (r — 3)C'(— 1) and 
Coker{ipi) = 0. By duality, Coker{(p4) ~ (r — 3)0 ® 0{1). The exact sequence 
(2.1.3) yields the resolution 

Oi-2) ®{r- 3)C'(-1) ^ (r - 3)0 © 0(1) 0. 

The converse is exactly as at 4.1.3 [TD]. □ 

Proposition 6.1.3. The sheaves T giving points in Mp2(6, 0) and satisfying the 
conditions h*'(J-"(— 1)) — 0, h^{J') = 2 are precisely the sheaves having one of the 
following resolutions: 



(i) 







20(-3) 

LP = 



— ^ 20 - 

/ll /l2 
/2I /22 



0, 



(ii) 



— ^ 20(-3) © 0(-2) ^ 0(-2) © 20 



tp = 



h i2 

/ll /i2 qi 

/2I /22 92 



0, 



(iii) 



20(-3) © 0(-l) ^ 0(-l) © 20 ^ J- 



if : 



91 
/ll 
/21 



92 

/12 

/22 





£2 



0, 



(iv) 20(-3) © 0(-2) © 0(-l) ^ 0(-2) © 0(-l) © 20 



0, 
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Pi 

hi 
/21 



1^2 

P2 
fl2 
f22 





i 

p'l 
p'2 






I'. 



Here qi, q2 are linearly independent, £1, £2 are linearly independent, £[, £'2 are 
linearly independent and £ ^ 0. 

Proof. Diagram (2.1.1) for the Beilinson spectral sequence I converging to T°{2) 
has the form 

20{-l) . 



2C'(-i) — ^ 120 

Combining the exact sequences (2.1.2) and (2.1.3), we obtain the resolution 

20{-l) 20(-l) ® 6il^{l) — ^ 120 J"°(2) — ^ 0, 

hence the resolution 

—> 20{-l) 20{-l) ® ISO 120 ® 60(1) — ^ T°{2) — > 0. 

If rank(/9i2) < 10, then J-°{2) would map surjectively to the cokernel of a morphism 
20(— 1) — > 20, in violation of semi-stability. Thus rank(/5i2) > 11, which leads us 
to the resolution 

20{-l) A 2e'(-l) ®70^0® 60(1) T°{2) 0, 

where -011 — 0. Arguing as at 3.1.3 [TOl, we see that Coker{%l}2i) ~ O © 2J7^(2). 
The resolution 

— > 20(-3) e o{-2) © 2n^ — > o{-2) e qo{-i) — > t° — > o 

leads to the exact sequence 

20(-3) ® 0{~2) ® &0{-l) ©(-2) © 60(-l) © 20 ^ J"" ^ 0. 

If rank(r/23) < 4, then would map surjectively to the cokernel of a morphism 
20(-3) © 0(-2) ^ 0(-2) © 20(-l), in violation of semi- stability. Canceling 
50(— 1) and dualising yields the resolution 

— ^ 20(-3) © 0(-2) © 0(-l) ^ 0(-2) © O(--l) © 20 ^ ^ 0. 

From this we get resolutions (i)-(iv) depending on whether 9312 ~ and Lp23 = 0. 

Conversely, assume that J- has resolution (i). If /12 and /22 have no common factor, 
then, by virtue of l2.3.2[ F is semi-stable. Assume that gcd(/i2,/22) is a quadratic 
polynomial q. We get a non-split extension 

— > Oc(-l) — — > -F' — ^ 0, 
where C is the conic curve given by the equation q — and T' has a resolution 

0(-3) © 0(-l) ^ 20 ^ J-' ^ 

in which the entries of ip'i2 are linearly independent. According to I2.3.2i F' gives 
a point in Mp2(4, 1). It is now easy to see that for any proper subsheaf E C T we 
have p{£) < 0. Assume that gcd(/i2, /22) is a linear form £. We have an extension 

— > Ol{-2) — >F — > J"' — ^ 0, 
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where L is the hne given by the equation ^ — and J-' has a resolution 

0(-3) ® 0(-2) ^20— ^F' 

in which the entries of Lp'i2 have no common factor. According to 12.3. 2[ J-' gives 
a point in Mp2(5, 1). It is now easy to see that for any proper subsheaf £ C F we 
have p(£:) < 0. 

Assume now that J- has resolution (ii) in which qi, q2 have no common factor. 
From the snake lemma we get an extension 

— >F' — >T — >C^ — >0, 

where x is given by the equations £1 — 0, £2 = 0, and J-' has a resolution 

0{-A) ® 0{-2) ^ 20 ^ J-' ^ 

in which the entries of (p'12 have no common factor. According to 12.3.21 T' gives a 
point in Mp2(6, —1). It is now easy to see that for any proper subsheaf £ G J- we 
have p{£) < 0. If qi and (72 have a common linear factor, then we have an extension 

(*) O^Ol(-I) ^0, 

where J^' has a resolution as at 4.1.4 [10 , so is semi-stable. Thus is semi-stable. 
Finally, we assume that J- has resolution (iv) . We have an extension 

— ^ J"' — >T — ^ — >0, 

where x is given by the equations £1 — 0, £2 — 0, and J-' has resolution 

— ^ £'(-4) ® 0(-2) © 0{-l) ^ 0{-l) ® 20 ^ ^ 0, 



-k £ 
* P'l i'l 
2 



Assume first that ^p' ^ 



★ ★ 

★ ★ 

★ * 



Then, according to IS.l.Br ii). F' is semi-stable, showing that J- is semi-stable. If Lp' 
has the special form given above, then we have extension (*), showing that J- is 
semi-stable. □ 

Proposition 6.1.4. (i) The sheaves J- giving points in Mp2(6,0) and satisfying 
the conditions h 1)) > 0, h (J-'(l)) = are precisely the sheaves having a 

resolution of the form 

30(-3) ^ 2C'(-2) ffi 0(1) ^ J- — > 0, 
where Lpn has linearly independent maximal minors. 

(ii) The sheaves T giving points in Mp2(6,0) and satisfying the dual conditions 
h = 0, h {J-{1)) > are precisely the sheaves having a resolution of the 

form 

0(-4) ® 2C'(-1) ^ 30 ^ J" ^ 0, 
where (pi2 has linearly independent maximal minors. 

Proof. Part (ii) is equivalent to (i) by duality, so we concentrate on (i). Assume 
that J- gives a point in Mp2(6,0) and satisfies the cohomological conditions from 
(i). There is an injective morphism Oc for some curve C C P^. Note that 

deg(C) = 5 or 6, otherwise the semi-stability of J-{—l) would be contradicted. As- 
sume first that deg(C) = 5. Let T denote the zero-dimensional torsion of J"/ Oc (1) • 
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If T 7^ 0, then the pull-back of T in would be a destabilising subsheaf. Thus 
T = 0, hence T /Oc{^) — !)■ We apply the horseshoe lemma to the extension 

Oc{l) -^T^ Ol{-1) 0, 

to the standard resolution of 0c (1) and to the resolution 

— ^ 0{-A) 30(-3) 20{-2) Ol{-1) 0. 

We obtain a resolution 

— ^ 0(-4) 0(-4) e 3e'(-3) 20{~2) ® 0(1) ^ J- — ^ 0. 

Since h^(J'(l)) = 0, the map 0{-4) 0(-4) is non-zero. Canceling 0(-4) we 
arrive at a morphism as in the proposition. 

Assume now that deg(C) = 6. The quotient sheaf C — F /Oc{^) has dimension 
zero and length 3. Let C^; C C be a subsheaf of length 1 and let J^' C be its 
preimage. We apply the horseshoe lemma to the extension 

to the standard resolution of Oc{^) and to the standard resolution of 'Cx tensored 
with ©(— 3). We obtain the resolution 

— ^ 0{-h) — ^ 0(-5) © 20(-4) — ^ 0(-3) © 0(1) ^ J"' — ^ 0. 

The morphism 0{—h) — > 0{—b) is non-zero otherwise, arguing as at 2.3.2 [10], we 
would deduce that C^; is a direct summand of J^', which is absurd. We have an 
extension 

— >F' — >T — >C' — > 0, 
where C has length 2. Let Cj, C C be a subsheaf of length 1 and let T" d F he 
its preimage. We apply the horseshoe lemma to the extension 

— >T' — >T" — > <Cy — > 0, 

to the standard resolution of €-y tensored with 0{—2) and to the resolution 

^ 20(-4) — ^ e)(-3) ® 0(1) — ^ J-' — ^ 0. 

We obtain a resolution 

— ^ 0(-4) — ^ 2C'(-4) © 20(-3) 0(-3) © 0{-2) © 0(1) ^ J"" — ^ 

in which, by the same argument as above, the morphism 0(— 4) 20(— 4) is 
non-zero. Canceling 0{—4) we obtain the resolution 

0(-4) © 20(-3) — ^ £'(-3) © 0(-2) © 0(1) ~> F" 0. 

The morphism 2C'(— 3) 0(— 3) is non-zero, otherwise F would have a destabilis- 
ing subsheaf that is the cokernel of a morphism 2C'(— 3) 0{—2) © 0(1). Denote 
Cz — C /€.y. We apply the horseshoe lemma to the extension 

— >F" — >F — ^ — ^ 0, 

to the standard resolution of tensored with 0(— 2) and to the resolution 

0(-4) © 0(-3) 0(-2) © 0(1) F" 0. 

We arrive at the resolution 

— » 0(-4) 0(-4) © 30(-3) 20(-2) © 0(1) J" — ^ 0. 

The morphism 0(— 4) — ;> 0(— 4) is non-zero because h"'^(J^(l)) = 0. Canceling 
0(— 4) we obtain a resolution as in the proposition. 
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Conversely, if T has resolution (i) or (ii) , then, by virtue of claim 13.1.41 T is 
semi-stable. □ 

Proposition 6.1.5. The sheaves J- giving points in Mp2(6,0) and satisfying the 
conditions h°(J'(-l)) > 0, h^(J^(l)) > are precisely the sheaves having a resolu- 
tion of the form 

— ^ Oi-4) ® 0{-2) ^ ©(-I) © 0(1) ^ J- — ^ 0, where <fi2 ^ 0. 

Proof. Arguing as in the proof of 16.1. 4[ we see that there is an extension 

Oc{l) -^T^ Ol{-1) 

or there is a resolution 

— ^ 0(-4) A 0{-A) ® 30(~3) 20{-2) © 0(1) ^ J" ^ 0. 

In the first case we can combine the standard resolutions of Oc(l) and Ol( — 1) to 
get a resolution as in the proposition. Indeed, by hypothesis h (~^(1)) > 7, hence 
J-"(l) has a section mapping to a non-zero section of Ol- 

In the second case tpn = because h^(J^(l)) > 0. We claim that Coker{->Jj2i) — 
r2^(— 1), i.e. that the entries of "021 are linearly independent. Clearly they span a 
vector space of dimension at least 2. If 



then p ' 



V'2 



★ ★ ★ ★ 

★ ★00 

★ ★00 



It would follow that J- maps surjectively to the cokernel of an injective morphism 
0(-4) © 0(-3) 0(-2) © 0(1). This would contradict the semi-stability of 
From the resolution 

— > 0(-4) © n^{-l) 20(-2) © 0(1) -^T^O 

we obtain the resolution 

— ^ 0(-4) © 30(-2) ^ 20(-2) © 0(~1) © 0(1) — ^ J" — > 0. 

If rank((/Ji2) < 1, then would map surjectively to Oc(— 2) for a conic curve 
C C P^, in violation of semi-stability. Thus rank((^i2) = 2 and canceling 20(— 2) 
we obtain a resolution as in the proposition. □ 

In view of l2.2.2r vii) there are no other sheaves giving points in Mp2 (6, 0) beside the 
sheaves we have discussed in this subsection. 

6.2. The strata as quotients. In the previous subsection we classified all sheaves 
giving points in Mp-i^G, 0), namely wc showed that this moduli space is the union of 
six locally closed subsets as in Table 4. As the notation suggests, is the image 
of ^3 under the duality automorphism [J^] -H> The strata Xi, i = 0, 1, 2, 4, are 

invariant under this automorphism. We employ the notations Wi, Wi, Gi, pi, < 
i < 4, analogous to the notations from subsection 3.2. We denote Wf — p~^{Xf). 

From proposition 16 . 1 . 1] we easily deduce that the points in Xq given by properly 
semi-stable sheaves are of the form [J^i © • ■ • © , where Ti is stable and has 
resolution 

r,0{-2) — > r,0(-l) ^ 0, 

ri + ■ • ■ + r„ = 6. In particular, we see that Xq is disjoint from the other strata 
and that two points in Wq are in the same fibre of po if and only if the relative 
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closures in Wo of their orbits meet non-trivially. This allows us to apply the method 
of 4.2.2 [4] in order to show that po is a categorical quotient map. Note that 
Wo is a proper invariant open subset of the set of semi-stable Kronecker modules 
60{—2) 60{—l), so there exists a good quotient Wq//Go as an open subset of 
N(3, 6,6). By the uniqueness of the categorical quotient we have an isomorphism 
Xq ~ Wo //Go- This shows that Mp2(6,0) and N(3,6,6) are birational. 

According to l3T4l and [2X21 the sets X3 \ X|, X§ \ (X^f, X4 \ X| coincide 
and consist of all points of the form [C'l(— 1) © C'q(I)], where L C is a line 
and Q C is a quintic curve. Moreover, from the proofs of 16.1.41 and 16.1.51 it 
transpires that any sheaf stable-equivalent to 1) © Oq{1) is the cokernel of 

some morphism in W3 \ W|, W3 \ {W^f or W4 \ W|. Thus X3, X^, Xi are disjoint 
from the strata Xq, Xi and X2- For i G {3, 4} the fibres of the map Wf — )• Xf are 
precisely the Gi-orbits hence, as at 3.2, this is a geometric quotient map. According 
to 9.3 i4! , WI/G3 is an open subset of a fibre bundle over N(3, 2, 3) with fibre P^**. 
We can be more precise. According to 13.1.41 W| is the subset of W3 of morphisms 
ip such that the maximal minors of 9512 have no common factor, hence, applying 
[1], propositions 4.5 and 4.6, we can show that the sheaves Coker{(p), ip e W|, are 
precisely the sheaves of the form J7z(2), where Z C P^ is a zero-dimensional scheme 
of length 3 that is not contained in a line, Z is contained in a sextic curve G and 
Jz C Oc is the ideal of Z in G. Thus Wf/Ga is isomorphic to the open subset 
of Hilbp2(6, 3) of pairs (G, Z) such that Z is not contained in a line. Similarly, the 
sheaves giving points in XI are precisely the sheaves of the form J2(2), where Z is 
contained in a line L that is not a component of G. Thus X4 is isomorphic to the 
locally closed subset {(G, Z), Z c L, L ^ G} of Hilbp2(6, 3). 

By the discussion above, the strata Xi and X2 are disjoint from Xq, X3, X^, 
X4. We claim that 

Xi n X2 = {[Oc, © OcJ, Gi, G2 C P^ cubic curves}. 

The r.h.s. is clearly contained in Xi D X2- To prove the reverse inclusion we will 
make a list of properly semi-stable sheaves J- giving points in Mp2(6,0). If is 
stable-equivalent to a direct sum of stable sheaves, we call the type of J" the tuple 
of multiplicities of these sheaves. We may assume that the type of is a tuple 
of non-decreasing integers. A properly semi-stable sheaf in Mp2(6,0) may have 
one of the following types: (1,5), (2,4), (3,3), (1,1,4), (1,2,3), (2,2,2), (1,1,1,3), 
(1,1,2,2), (1,1,1,1,2), (1,1,1,1,1,1). The sheaves in Mp2(l,0) and Mp2(2,0) are 
cokernels of morphisms rO{—2) rO{—l), r — 1,2. In view of 16.1.11 this shows 
that the last three types belong to Xq, and so does type (2,2,2). Let L C P^ 
denote an arbitrary line; let A denote an arbitrary stable sheaf in Mp2(2, 0); let 
B denote an arbitrary stable sheaf in Mp2(3, 0) that is the cokernel of a morphism 
3C'(— 2) 30(— 1); let G C P^ denote an arbitrary cubic curve; let C denote an 
arbitrary sheaf giving a point in the stratum Xi C Mp2(4, 0), cf. 5.2 ^3|; let £i 
denote an arbitrary stable sheaf giving a point in the stratum Xi C Mp2(5,0), 
i = 1,2, cf. 4.1 [1^; let TL denote an arbitrary sheaf giving a point in Mp2(2,0); 
let denote an arbitrary sheaf giving a point in Mp2 (3, 0) that is the cokernel of a 
morphism 3C'(— 2) — > 3C'(— 1). Eliminating all sheaves giving points in the strata 
Xq, X3, Xg , X4 of Mp2(6,0) leaves us with the following possibilities: 

Ol{~1)®£i, Ol{-1)®£2, A®C, B®Oc, Oc,®Oc„ 



Ol,(-1)©Ol,(-1)©C, Ol{~1)®A(BOc, 
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OliI-I) © Ol,(-1) © Ol3(-1) © Oc- 
Thus is one of the fonowing: 

Combining the standard resolution for C'l(— 1) with the resolution 

— > 0(-3) © 20{-2) — > 20(-l) © O — >£i — ^ 

we obtain resolution l6.1.2l Combining the standard resolution of Ol{—1) with the 
resolution 

— > 2e)(-3) © 0{-l) — > 0{-2) © 20 — >£2 — > 
we obtain resolution 16. 1 . 3f iv V Combining the resolutions 

— > 20(-2) — > 20(-l) — >% — > 0, 
Oi-i) © 0{~2) ^ 0{-l) ®O^C^{) 
we obtain resolution 16.1.21 Combining the standard resolution of Oc with the 
resolution 

— > 3e'(-2) — > 3C'(-i) — >g — > 

we obtain resolutionimi Thus [Ol{-1)®£i], [HffiC], [Q^Oc] belong to Xi \ X2 , 
[Ol{—1) © £2] belongs to \ Xi, which proves the claim. Denote Xiq = Xi\X2, 
X20 = X2 \Xi, Ww = Pi\Xio), W2a = P2\X2o). Assume that i e {1,2}. 
Arguing as at 4.2.1 [3;, we can easily see that two points of Wio are in the same 
fibre of pi if and only if the relative closures in Wio of their G^-orbits intersect 
non-trivially. This allows us to apply the method of 4.2.2 op.cit. in order to show 
that the maps WiQ — t- XiQ are categorical quotient maps. 

6.3. Generic sheaves. Let C C denote an arbitrary smooth sextic curve and 
let Pi denote distinct points on C. According to [I], propositions 4.5 and 4.6, 
the cokernels of morphisms 50(— 6) — 60{—5) whose maximal minors have no 
common factor are precisely the ideal sheaves Tz C of zero-dimensional schemes 
Z of length 15 that are not contained in a quartic curve. It follows that the generic 
sheaves in Xq have the form Oc{'i){—Pi — • ■ • — P15), where Pi, ... , P15 are not 
contained in a quartic curve. From claim 16.3.11 below, it follows that the generic 
sheaves in Xi have the form Oc'(3)(— Pi — • • • — Pg), where Pi, . . . , Pg are contained 
in a unique cubic curve. It is obvious that the generic sheaves in X2 have the form 
Cc(3)(— Pi — ■ • • — Pg), where Pi, . . . , Pg are contained in two cubic curves that 
have no common component. We saw in the previous subsection that the generic 
sheaves in X3 have the form Oc'(2)(— Pi — P2 — P3), and the generic sheaves in X^ 
have the form C'c'(l)(Pi + P2 + P3), where Pi, P2, P3 are non-colinear. The generic 
sheaves in X4 have the form C'c'(2)(— Pi — P2 — P3), where Pi,P2,P3 are colinear. 

Claim 6.3.1. Let U C IIom(30(-2), 3e'(-l) © O) be the set of morphisms whose 
maximal minors have no common factor. The cokernels of morphisms in U are 
precisely the sheaves of the form Iz{2>), where Iz C Op2 is the ideal sheaf of a 
zero- dimensional scheme Z of length 9, that is contained in a unique cubic curve. 

Proof. Take ip £ U and let Ci, (21 Csj C4 be its maximal minors. We have an exact 
sequence 

30(-2) 3C'(-1) © O ^ 0(3) — > Oz{i) 0, 
C = [ Ci -C2 C4 -C4 ] , 
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where Z C is the scheme defined by the ideal {(i , (2 , (3 Xi) ■ Since Pozis) = 9, we 
deduce that Z is & zero-dimensional scheme of length 9 and that Coker{il)) ~ Xz(3). 
We have h°(X2(3)) = 1, i.e. Z is contained in a unique cubic curve. 

Conversely, assume we are given Z as in the proposition. We have H°(X2(2)) = 0. 
Indeed, if Z were contained in a conic curve, then we could produce at least two 
distinct cubic curves containing Z. Similarly, H°(T2(1)) = 0. By Serre duality 
B.^{Izii)) = for z = 1,2,3. The E^-term for the Beilinson spectral sequence I 
converging to Xz(3) has display diagram 

. 



6C»(-1)^^ 301(1) 





We have exact sequences 

— ^ lCer{ipi) ^ ^ Xz(3) ^ Coker{ipi) 0, 

— y K,er{(fi) — > 30(-2) QO{-l) 90(-l) — > Coker{ipi) — > 0. 
Assume that rank(/Cer((/9i)) = 1. Thus Co/cer (1^5) is a torsion sheaf. Since Cofcer((p5) 
is a subsheaf of the torsion-free sheaf Iz(3), we deduce that Coker{^p^) = 0, i.e. 
that (^5 is an isomorphism. This is absurd, O cannot be a subsheaf of 6C?(— 1). 
This proves that JCer{ipi) = 0, hence rank(CoA;er(<^i)) = 0, from which we deduce 
that rank(pi2) = 6. Combining the exact sequences 

— >0 — > Iz{3) — > Coker{(fi) — > 

and 

— )■ 30{-2) — )■ 30{-l) — > Coker{ipi) — > 
we obtain the resolution 

30{-2) A 3e>(-l) e O — ^ Xz(3) — ^ 0. 
It is clear that the maximal minors of ijj have no common factor. □ 

References 

[1] J.-M. Drczct, Varictcs dc modules alternatives, Ann. Inst. Fourier 49 (1999) 57-139. 
[2] J.-M. Drczet, Espaces abstraits de iiiorpliisines et mutations, J. reine angew. Math. 518 
(2000), 41-93. 

[3] J.-M. Drczct, M. Maican, On the geometry of the moduli spaces of semi-stable sheaves sup- 
ported on plane quartics, Geom. Dcdicata 152 (2011) 17—49. 

[4] J.-M. Drezet, G. Trautmann, Moduli spaces of decomposable morphisms of sheaves and 
quotients by non-reductive groups, Ann. Inst. Fourier 53 (2003) 107-192. 

[5] D. Huybrechts, M. Lehn, The Geometry of Moduli Spa<;es of Sheaves, Aspects of Mathematics 
E31, Vieweg, Braunschweig, 1997. 

[6] A. King, Moduli of representations of finite dimensional algebras, Q. J. Math. Oxf. II Ser. 45 
(1994) 515 530. 

[7] J. Lc Potior, Faisceaux scmi-stablcs de dimension 1 sur le plan projectif. Rev. Roumaine 

Math. Pures Appl. 38 (1993) 635-678. 
[8] M. Maican, On two notions of semistability. Pacific J. Math. 234 (2008) 69-135. 
[9] M. Maican, A duality result for moduli spaces of semistable sheaves supported on projective 

curves. Rend. Sem. Mat. Univ. Padova 123 (2010) 55-68. 



THE CLASSIFICATION OF SEMI-STABLE PLANE SHEAVES SUPPORTED ON SEXTICS 47 

[10] M. Maican, On the moduli spaces of semi-stable plane sheaves of dimension one and multi- 
plicity five, 111. J. Math., in press. larXiv: 1007. 18151 

[11] D. Mumford, J. Fogarty, F. Kirwan, Geometric Invariant Theory, third enlarged ed., Ergeb- 
nisse der Mathematik und ihror Grenzgebiete, 3 Folge 34, Springer Verlag, Berlin, 1993. 

[12] V. Popov, E. Vinberg, Invariant theory, in: A. Parshin, I. Shafarevich (Eds.), G. Kandall 
(Transl.), Algebraic Geometry IV, Encyclopaedia of Mathematical Sciences v. 55, Springer 
Verlag, Berlin, 1994. 

Mario Maican, Institute of Mathematics of the Romanian Academy, Galea Grivitei 
21, 010702 Bucharest, Romania 

E-mail address: mario.maicanaimar .ro 



